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UNIT 


ALGEBRAIC FORMULAS | 
AND APPLICATIONS | o 





» Algebraic Expressions 


> Algebraic Formulas 
> Surds and their Applications. 
> Rationalization As, 


After completion of this unit, the students will be able to: 


> kniow that a rational expression behaves like a rational number. 
> define a rational expression as the quotient 2 zi * 
is not the zero polynomial. 


» examine whether a given algebraic expression is a 


mae two polynomials p(x) ai a) where q(x) 


e Polynomial or not. e Rational expression or not. 
> define ai ue as a rational expression in its lowest terms if P(x) and q(*) are e polynomials with 


integral coefficients and having no common factor. 


> examine whether a given rational algebraic expression is in lowest oon or not. 
» reduce a given rational expression to its lowest terms. ‘ 
> find the sum, difference and product of rational expressions. : 
> divide a rational expression with another and express the result in its lowest terms. 
> find value of mus expression at some Particular real number. 
» know the formu A 
(a+b) +(a-b) = 2a +b) (a+b) -(a-b) 25 

e Find the value of a” +b ?and of ab when the values ofa +6 anda— bare known. 

» know the formula Y 


(atb+o =a’ +6" +e ile aes et. 


t 


| 


° Find the value of a” +7 +c “when the values of + + cand ab +be+ ca are given 
e Find the value of a+ 6 +c when the values of a” +0" #¢/and ab + be +.oa are give. 


z « Find the value of ab + bc + ca when the values of a” +b + cland a-+b+c ae given, 
> know the formulas i? 2 SOMA 4897 Ss 
(ab) =a! 3ab(atb) +b", q +b =(atbya Fab+b:). re PR ees 
« Find the value ofa’ +b” Nabe Saarinen te 3 ee ; 
___ © Find the continued product of (« + y)(x — We? +yty M& 7 ayty’ ne 
> recognize the surds and their applications. 


> explain the surds of second order. Use basic operations on cae of second create rationalize 
the denominators and evaluate it. i 
a | 


> explain rationalization (with precise meaning) of real numbers of th —: = and 
ee Seay 2) an ofthe pet ee 


TAT LSROUBIS Ss 









their combinations where x and y are natural numbers and a, b are intesHai 


alae iE LOL 
pence a OT 


ons. a 
1.1 ALGEBRAIC EXPRESSIONS 


Algebra is an extension of arithmetic. In algebra, we use alphabets 


such as a, b, c to stand for constants and x, y, z to stand for any 
numerical value we choose. 


An.algebraic expression involves numbers and letters together with 
operational signs such as +,—,x,+. The signs + and — separate an 


algebraic expression into terms... 
Example: 
ax + by consists of 2 terms 
3x — 2y consists of 2 terms 
9x? —Txy+7y* - consists of 3 terms 


Sy consists of / term 


The numbers a, b, 3, 2, 9, 7, 5 in these expressions are called 
coefficients, while the letters x, y are known as variables. 


An algebraic expression is of three types. 


(i) Polynomial __— (ii) :-—Rational (iii) Irrational 
A polynomial of degree n in variable ‘x’ is defined as: 

~ P@) = a,x"+a,_,x"'+a,,x"7 +...44, x? +a, x’ +a,x+4a), 
where ‘n’ is a non-negative integer and a, ,a, =119y-2 s+) Gz 42 Ay Ay 
are real numbers, where as a, #0. 


* As the highest power of the variable x’ in this polynomial is ‘ 
therefore this polynomial is of degree ‘n ‘ 


1.1.1, Rational Expression 


ties We know that. a number. of the. foc 
rational number” 


j 
Tena 


pat0, PiGeZ, naleaa 





An expression which can be written in the form a ,O%) #0, 


where P(x) and Q(x) are polynomials in ‘x’ is dalled a rational 


expression. 
For example: 
2 3 2 
; +] oi Xm O: «2X +3x+3 : x+1 
(i) eile SL @). == (Gi) Swe iv) ————_ 
x +x? +3 x+] } x? +x42 ( x? +2x+3 


are all rational expressions. The rational expressions can also be 
added, subtracted, multiplied and divided like rational numbers. 


Rational expressions are of two types. 


(i) Proper Rational Expression 


(ti) Improper Rational Expression 


Proper Rational Expression:- 
A rational expression aa Q(x) #0, in which the degree of P(x) is 


less than the degree of Q(x) is called a proper rational expression. 
For example: 2195 5 

x+I] 3x +4x°4+5 
x 3xb 7. axtee: 
Improper Rational aa 


A rational expression = 5 06)#0, in which the dearer of ie is 


oa 


either Paral Or: greater than the leas of 265) is called an n improper 


rational expression. For.example: 


WIPO 


19D 


x74 Wet A 444 9 oP +1! = SITREERD OT 


SHPaxe AQUA ote * JA 1 sae 








WS Examine a Given. Algebraic Expression 


‘Let us. consider the following: 


. 


poe Ms Gy Veet my 


@) and (ii) are Polynomials , but (iii) and (iv) are not polynomials, 
: because in (iii) and. (iv) the powers of the variables are negative and 
M2) rational numbers. 


ripe Gonsider the following as well: 




















Tage! See ae 
; a (ii) =a ge e+ yet! 
() oa ey oF 


wa are Sirational Be res but (iii), i) and 6). are not rational 
Becalise) the powers of the variables are not integers. 


(rr Tat “* tye 


onal Eesiin inits steviesi Terms 


C are ‘polynomiats Whore B,C#0, — = 45 


ie (nich is the Jundamental principle. aera) 


sms, ‘when the: numerator and 
on factors other than Tand -/. 


‘ratio al expression is in its lowest 
on example. 





EXAMPLE Find the lowest term of SY" aly? 








SOLUTION: mate ants niwaliok to alee 
8x3 y? = 2x? 4xy? of | 
- 12xy? —3y? xy” 
_ ax. 
may 





Thus to examine a rational expression in lowest terms, we first 
write the numerator and denominator in factored form and then — 
usé the fundamental principle. of fractions to: obtain, 


b?-a’? _— (b—-a) (b+) 
3 = 3 Gans = laa py RD 2 4 z nN 5 
b’-a’. (b-a)(b° +ab+a*) +7 Ty RRR 








3 bt+a 
Bipab sat 


1.1.5 Reduce.a Ratlonal Expression to its loves Terms. > 


EXAMPLE Biss to lowest terms: 
32x53 x’ en 2-x 












. °F r ii ‘ ; Y) “iRla 2 a 

q a ; wy. ors 5x "2 se 

Sy 2 | sae 

SOLUTION: /;,, 32x Y " ox eee 
i) 4th ya) @. c Be 5x2 2S 


Sree eet “7 oe one 
=- seaely mpe 


St ade Be 2-x 
y : a 







Pin ind the sum, difference and act of rational expression with 
the elp. of following eramples: 





; i axt+2 
i eee eee 


“x4+2 
























-) X+2 Sea Neto (nt in atg ‘" 
a a 
om x aT bay , : 
2 ay) ae ae take 
(+1) (x? == & 1) 6+) ee 
sina! cas : { * die et 
_ &+2) &-1) + xe’ - rei) ; a 





(+1) @-1) @ x41). i ae 














3 : Nit, y 
_ x? + 2x x—242° —x? 4x i 
= 2 2 i 
(63 -1) (« —x+1) * tay = a 
x? +2x=2% Ay é 
Ex +x? ee a aa 
i $25 at eee Rao A yey 
wr aM cb 2e 2) a ee 
ax ee 1S ire ro 


EXAMPLE-2 
Solve: 


x+3 


Ot 








Hie No 
rey . , 
soni 43-7 











Bese roe ee 
perry a ane 


x43—x2 +3x-2 ~~. 


Pee Ne 
Oe 4x=x7 41 


Sr 















Chanting 




























: ply! 
Se Tee ee Toe “a a. 
| pees Muth = oat ; he Re ‘y 
| 5 © . . 7 S a 
7 \ (aay 








2 B4 
() 22 
2x-1 Ox+1 





a. 20 (3) 2 ee. eS fe) 
© (2x=1) (+I) e Peay. rate : 





_ Be Po 
Ox+1— . 





1.1.7 Division of a Rational Expression iy 


The rule of division of rational expression is ‘first factorize the. ‘ “Sh 
expression and then cancel the same expressions in nu 

- iat bis AY). WwW 
and Genominato: 


EXAMPLE. i 
Simplify: 


x+2 
















» tees... ii) Bx 3x 
inf ee ix x ax) 
eee Sx 1-3x 
TERESA Ee eran 
_ 3x=1 +I) +1) 
oy : Reach xi 1-3x 
_ Gx- !) (+1) Ks) 
(1—3x) 7 
een (3x—1).@+1) 
> im ~ =(x-1) 
=a +1 
Bet ashe vole yi a oP eraxe Sa 


ryery S Sess ¢ MBS NSH Ds 


‘an Algebraic Expression 
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fea number against a variable “x” in a polynomial P(x), 
Teal number. This real number is called value of P(x). For 



















EXAMPLE-1 = vs . pte Sort cmean in 10 hr EGeieryicenen mites * 
{er (100 DOTA SR Sib Oe wag ey ae ": f 
If P(x) = 4x! + 3x? —'5x +1, then find P(-1) ag ti 








SOLUTION: Given: P(s)=4x4+3x?—Sr¢1 
- P(=1)=4(=1)' +3(-I)2- “DAT . 
=44345+1 es a Ors tt 
=13 bee See yt : 
EXAMPLE-2 . , Het AW i 
If ea then find P(l) satiate 4 
SOLUTION: pig n2g 6 Bemesie 
; 748. : 4 
.. 


ig =S(I)+6 _ 1-5+6 


[= 
£0 Psa 








Solve: el 
l- if P@)=x* + 3x? ~ 5x49 , then find P(s), fo 
2- If P= 2x3 42x? tex = 34; then find a 


Lr 20) ae 42 ee 


Reduce the itton riiiceal: expressions to lowest terms. 
|  eeasitirs x fn os 8x?y? ; * 25a5b? 


: - Sele 

| eo Rae _ daxty Spe ee 4a 

| ee ae ie = 12  18m>x? 

| 1208) +2006? © 27m*x® — 36m*x! 
| (eee 


. sy-3x 


: 2x 3x: 
a salir er telbe ae Sx 
xy zt “73 ie ope) Seay, 


Mae? oe RR g 8x. + 18)" 2x + 3y 
43x42 0x? —x-6 . 4x’ —9y? 2x 3y 





x+y x 


yty? x oxy 
Bs gars x 2e+] 6x 
. eae a ae eee yex 90 x" = 12427 x- x-3 
i 
] 








1.2. FORMULAE: se 


: RVs Late a WA UO CAREW Oth ees 
A formula expresses a rule in algebraic terms, its plural is formulae. _ 


1.2.1 Formula 1 
(a+b) + (ab? = 2a’ +b’) 
Proof: LHS = (a+b) +(a ~ py 
| = a’ + 2ab+b? +a’ = 2ab+b? 
"= 2a? +28? 
= 2(a? +b?) 
= RAS 


Formula 2 | : ira 
(a+b)? -(a—-b?? = 4ab Bete 
Proof: LHS =(a+b)P-@-by i see giz pre: 
= (a? + 2ab+b?)—(a? ~2ab+b?) 

= a? +2ab+b?—a? + 2ab—b? 

=)4ab 2 Sa Me ae ! ie 

= RHS vaitet AGO oe dia ‘g cite 
“EXAMPLE-1.- te o 


ryan 4 


Find the value of a* +b? when a+b = 8 and ab = 12, 






SOLUTION: Given at+b=8 ae 23ST : 
a+b? = 8? ae ra, 
a4 2ab +b? = 64 
ds@ib?e= (642 2ab la eae pore 
duit: 4 "ef g 5464 e212) cea el? aie 





fF 











__EXAMPLE- -2 
Find the value of ab when at+b=9 and a- at 3 


_ SOLUTION: We have 
ss (Ga+by - -(a- _ppe 4ab_ oe 
ease 2. OF -(3)? = 4ab = a 

_. Ue ae 81-9 = 4ab 

Semmens ee dab = 72 


ee Ns <7 ab ar72. 
SS) : : 4 














Ippetnin 


ac aaa ab = 18 





Put p=atb ; 

LHS = (atb+c? = (pte? 

Oy “=P “+ 2pe+c? i 3 
: =(a+ BF +2a+b)e+e" (where p =a +6) 


a get st +200 + 2b0 +6! 







EXAMPLE-4 | 


Find the value of a+b+c when a’ +b’ +c’ = 100 and 
ab+bce+ca = 22 


SOLUTION: We have 
(arb+o? =a? +b? +c? + 2ab+ 2be + dea a 
=.(a? +b? ¥c? ) + 2(ab + be + ca) 


= 100 +2(22) « 


RESULTS 


= 100444. 


(a+b+c) = 144 


(at+b+c? = (127 





at+b+c=+12 


EXAMPLE-5 ~ | 

Find the value of ab +be+ca when a eee +c? = 36 and 

at+bic =8 . . Sent dk ena) ; 
SOLUTION: We have | Nga) eek alia 


(a+b+c) +a’ +b? +c? +2ab + 2be + 2ca 


87 .= 36+ 2(ab+be-+ ca) 







» 64-36 = 2(ab+be + ca). 
“\. 2Q(ab+ be +ca)'= 28 | 
"ee dggors St 
ab+bc+ca = = “(@inding by2on both sides) 
ee 
ab +be+ca = 14 , 





“Formula pee 
oy = 24 3ab(a+b) 46? 


Pircos LHS = Oe 


= ame (a+b) 


= (a? +2ab+b?) (a+b) 


= a? +.07b + 2a°b+ 2ab? +b?a +b? 
a? +3a°b+3ab? +b? Si 
5 a? +3ab(a+b)+B? 


C5 


= RAS 
























Formula 6 we Bo nay 


a+b? = (a+b) (= ab+h)) wy ea, es 
Prot: RH.S = (a+b) (a? —ab +6? ) 
= a’ -a*b+ab? +.a°b—ab? +53 ae de % 
SP is) ' ee “ae ie 3 
= LHS | " Fa = i 
Formula 7 Me" ie 
a’? —b? = (a-b) (a? +ab+b?) 
Proof: RH.S = (a—b) (a? +ab+b?) : 
=q +a°b+ab? —a*b—ab? —6? oN ead ie “ 
= 0? —5 oy. p vinune~ 3 
= LHS 


Find the value of x? +? when = 8 and ety 


Ds - 47 


SOLUTION: x + y= 5 (Given) 


cau = oe 








EXAMPLE-7 
_. Find the value of a* —b° when the values of a—b = 6 and 
ab =7 


SOLUTION:a—b = 6 (Given) 
(a-byY = (6) (Taking cube of both the sides) 
tab) 3ab(a=b) = 216 
a’ —b’ —3(7)(6) = 216 
a’ —b° —126 = 216 
a’ —b* = 216 +126 












a’ —b? = 342 

 EXAMPLE-8 

Resolve into factors x’ p? —8y’ p* —4x*q? + 32 yq? 
} SOLUTION: xp’ —8y* p? —4x°q? +32y3q? _(Rearranging the terms ) 
ba -. = p(x -8y')—44?(x' By?) 
as, 27: = (p? ~4q?)(x' -8y') 
= [(p -(24)’ | [()? -@y?"] 

= (p—2q) (p+2q) (x-2y)(x’ + 2xy+4y’) 


: ~729y8 = Dea =F yf 
x} - By)? 











The symbol “..” stands for “therefore” 


EXAMPLE-10 


Resolve into factors. (x+y) +64 
SOLUTION: § (x+y)? +64 
= (x+y) +(4) 
= (xt y+4[ (x+y? -(x+y)4+(4? | 


=(x+yt4[x?+y’ + 2xy—4x-4y +16 | 


Find the continued product for x* — y°. 

SOLUTION:  x° — y° 

=) 6°? 

= (x? +y’) (@-y’) 

= (x+y) (x’ —xy+y?) (@-y) (x? +xy+y’) 
= (x+y) (© y) @? —xy ty") (x? tay +y’) 


FXEROSE— 1.2 


Solve the Following Questions Using Formulas. 


2. 


3. 


4. 


(x+2y)? +(x—2y/ 
(5x+3y)? +(5x—-3y)? 
(31+ 2m)? -(31-2m)? 


(1+m)(l—m) (? +m? )(I4 +m‘) 















Qyeiseesy b (2x4 3y +2)? 
ab 


7. (2p+q) 8 (3ptqtry 
9. (2x+3y)? i: 10. (x+y)? -1 
Il. (x—y)? +64 12, 8x? +27y° 
13. x° —729y° 14. 64a° —b° 


15. Find the value of a? —b* whena—b = 4 andab = —5S. 






+ 1Y ; 1Y 
| 16. Show that (+2) -(2-) = 4. 


Z Z 


Y Find the value of a? +b? andabwhen a+b = 5 anda—b = 3. 





Il anda+b+c=6. 





1.3 SURDS.AND THEIR APPLICATIONS 


,304 Surds 


Rational Numbers: 
Anumber which can be expressed in the form (2| , where ‘p’ and ‘q’ 


are integers and q #0 is called a rational number. 
Ep ae ah 
he 4 > ] > yf >’ 


=2 , 
e.g 5 are all rational numbers. 


Irrational Numbers: 


Areal number which is not a rational number, is called an irrational 
number. For example: 


V2, V3, V5, V7 etc. are irrational numbers. 


Clearly, an irrational number cannot be expressed in the form [2] ; 
where p and q are integers and g #0. q 


Real Numbers: 


The set IR of all real numbers is the union of two disjoint subsets, 
namely the set Q of all rational numbers and the set Q’ of all irrational 
numbers. 


Surds of Radicals: 


A surd is an irrational number that contains a radical signs. 


e.g. V2, 2V3, 4+3V5, 10-46, 44 are all surds. 


EXAMPLE 
1 
(i) V3 = 32 is a surd of order 2, i.e. it is a quadratic surd. 
1 ‘ 
(ii) 3/4 = 43 is a surd of order 3, i.e. it is a cubic surd. : 


1 ; } 
(iii) a = a" is called a surd of radical of order ‘n’ and ‘a’is 
called the radicand. 





/ The symbol “i.e” stands for “That 
: 21 : 


aa ' SS SS 


Laws of Radicals: 


As the surd can be expressed with rational exponents, the laws of 
indices, are therefore, applicable in surds also. 

Thus for any positive integer ‘n’ and positive rational numbers 

‘a and b’, we have the following laws: 








Laws of Radicals 





Laws of Indices 


1 n 
i) Gq =a 


E Lesreiyed. oh 
(ii) (ab)" = a" br 


i} u 
n 
(iti) (<) i a 


bn 


Ne 1 m 
(iv) a” = (a™ )" =q" 







(i) (Ya)" =a 


be (i) Jab =a Wb 


a | ay 2 = Ye 
(oe ab 






(@) (xa) = Ya" 





onal factor other than unity, the other factor being 
E d surd. 








1.3.2 Surds of Second Order: 


ul 
Va = a? is asurd of order 2, i.e. a quadratic surd. 


Remark: 
The symbol ./ is called the radical sign of index 2. 


Similar Surds: ; 
Surds having the same irrational factor are called similar or like surds. 
For example, V3, 5V3, oVi 3 are similar surds. 


Surds having no connie waste factor are known as unlike surds. 





Addition And Subtraction of Surds: 
Similar surds can be — and subtracted 


= 10N 5 





Multiplication and division of two surds: 


Surds of the same order can be peat end divtded sccotng to 
following laws: oy Be : & ee 


For any natural numbers ‘m’ and ‘n 


Oa ae 4 . _ 


EXAMPLE-1 


Simplify: J8 xJ2 
SOLUTION: Weuse the rule Vm x a Pe 7 
V8 xJ2 = V8x2 = Whee 


23 Ms 








a 






Simplify: [180 +124 
—— sowmon: §— V780-+\/24 = = JA ine "| 











a - 
eG 


* “We can do this by multiplying the numerator and Benominator by 
th > same aoc root. 

















Mutipy: 2+) 6-V3) i eee i : = 
sowTION: (2+ 3) (5-3) ue arate und 
fioaoe 
= 10- eieee 3 


=7+3N3 ~~ ac eunde ig we: __ ae 


: PLE-3 : : : $1b) . ae < 
Multiply: (3N5 -5/2)(4/5+3V2) — 





SOLUTION: (3V5 -5V2) (4/5 +32) 















EXAMPLE-4 


Express in the simplest form 


~ @ V288 =i): VI47_— tt). V 3060 


SOLUTION: (i) V288 





Apso 2a xO x33 288 
2x2x2x2x2x3x3 144 
= J2x2xJ2x2xV3x3xV2 2 

18 

= 2x2x3xJ2 9 

3 

= 1D 1 

(ii) V147 

7\| 147 

= ¥7x7x3 71 21 

CR i xix me <3) 3 


= V7x7xV3 








1.4 RATIONALIZATION: 


Binomial Surd: 


An expression is called a binomial surd if it consists of two terms in 
which at least one term is a surd. For example: 


a+bvx, Vx + Jy are binomial ur 





Conjugate of Binomial Surds: 
(i) a+bVx and a—bVx 
(ii) Vx+Jy and Jx-Jy 


are surds whose product is a rational number. The pair of such surds 
is called conjugate binomial surds. Each of these two surds is a 
conjugate of the other. For example: 


s awe 


Remember that: 


Conjugate binomial surds are rationalizing factors of each other. 





Rationalizing Factor: 


When the product of two surds is rational, then each one of them is 
called the rationalizing factor of the other. 


EXAMPLE 
(i) 2N3xJ3 = 6, whichis rational. 


So V3 is rationalizing factor of 2V3. 


(i) (13 +2) (3 V2) = 3-2 = 1 whichisrational. a 


So (V3 +2) isrationalizing factor of (3 — V2). 


27 















Rationalization of Surds: 


_ The process of converting a surd to a rational number by multiplying it 
at with a suitable rationalizing factor, is called the rationalization of the 
’ SUE OM 


haa 


1 
Express ———= with rational denominator. 
e503 as 


I S23" 
a5 B a aAD ae 3). 


5- Se ee: 
23) 


ti Je 3-23 _ 5-2y3- 
e Tae ; 13 c 















a we 
(i) us (ii) te (iii) xo wo (s +2) righ 
x xX: hee 
24h ot 
(v) («-4) (vi) vat (ii) x? al 
x x 


(i) ue 
x 





(i) @+4)? 
x 









Cen ig? (from (ii) 
x 
Ri. G@++)? = 36 
| x 
1 
(v) @--/ 
x 
«1 = vey (from (iii)) 
x 
< @=1/ = 32 
x 
. 1 | 
(vi) P+ 


= ge 2 <2 
x 


ll 


(8 +5 


+2)—2 


(from (ii) , (iii)) 








F XERCISE — 1.3 





Remove the radical sign from the denominator: 
al ay BOT ENO 
(i) NG (ii) a5) ; TE) (iii) Ip 
Simplify the following expressions: 
(i) V2+V8 ~— ii). 450 + 200 + /50 
(ii) (J12- 2) (J20-3N2) (iv) (6+2) 5-5) 
(%) (V3-2) S-V5) i) (7+ V3) (5+42) 


Rationalize the denominators of the following : 








Ned Le aan Ane ., vx-Jy 
(i) W342 (ii) 4-5 (iii) W735 (iv) aire Vy 


5v7 (vi) V3 +2 Gi) 
24+3N7 V3=N2) ENG 








(v) 
(viii) ee 
3N7 +23 
1 % ih 
Ifx = V5 +2, then find the values of (i) Bee and (ii) x? ta 
1 wen! 
Ifx = 2+-+3, then find the values of (i) oon and (ii) x Bez 
; : y| say DORE 
Ifx = V3 —~/2, then find the values of () ae and (ii) x yee 
1 1 is 1 
If — = 3-2, then evaluate (i) x+— (i) exe 
x x x 
1 


1 = 1 
if— = J/0 +3, then evaluate (@) ( pit ah (ii) (p ei 
Pp 


b+Vb? -a’? Ja+3-Va-3 


tionalize (@) ———— i) SSS Se t3 
— 3 a bobs anaes © Vat+3+Va-3 an ter 


31 






7 
a5 
fs 
Sil, 

Pol, 
Pg 
i 

. 






sis a O(x) #0, P(x) and QO) 


I. An algebraic expression of the form 
are polynomials, is called a: 


(8) rational number (b) rational expression 
—— (c) surd (dq). mixed surd 
2. (a+b)? -(a-b)? =? 2 
(@) 2(a* +b°) 4ab 
(ct) -4ab a+b? 


a’ +b? 
2(a? +b? ) 


(a+b) 
a+b? 


(a+b) 
a+b? 


(a—by 


a? —b? 


(a+b) 
(a-b) 


ontains radical signs is 





















9. Ja =a'”is a surd of order: 
(a) zero (b) «1 
(c) 2 () %. 


10. Surds can be multiplied, if they are of the 


(a) same order (b) order 2 
(c) different order (4) ordern ~ 





I- Fill in the blanks. 


1. Anumber of the form”, ¢+0,-p, qeZis called a 
q : ASS HAY n 


i) 
* 


An expression of the form) -00) # 0, P(x);Q(x)are polynomials 
x 
is called 


ow 


l (at+by -(a-by = 


= 


(a+b) +(a-by = 


uw 


: a? +3ab(a+b)+b> = 


6. a) —3ab(a—b)—b? = 


~ 


(a=bj(ab-Kab4? ) =iotism riommes on onact sbiyecbme eee a 


8. (a+b)(a*—ab+b’ )=___ 


Niro Srl (eniAl sete y sixtiageterR y 


. An irrational number that contains radical signs is _ 
called a _ r 


10. Ja=a'is a surd of order = 


ae 


(atb)? =a? +2ab+b? 
(a+b)? +(a-b) =2(a? +b?) 
(a+b) -(a-b)? =4ab 
(at+b+c) =a’ +b’ +c’ +2ab+ 2be+ 2ac 
(ab)? =a’ +3ab(atb)+b? 
+b? =(a+b)(a? —ab +b?) 
Sininorivich, = =(a =b)(a’ +ab+b" ) 


| Surd: A surd is an irrational number that contains radical signs. 


Pure Surd: A surd which has unity only as rational factor, the other . 
factor being irrational is called a pure surd. 


N ixed surd: Asurd which has rational factor other t than unity, the other 
factor being avenal is called mixed surd. 


urd: Surds having the same irrational factor are called similar 
or like surds. 


When the product of two ee is ‘ational, then 
sot them is called the etenalng factor of 


it By GINO & 





—————————————— 


UNIT 


FACTORIZATION 





> Factorization 


> Remainder Theorem and Factor Theorem 
> Factorization of Cubic Polynomial 


After completion of this unit, the students will be able to: 


» factorize the expressions of following types. 
e Typel: k+k+k, 
e Type ll: ax+ay+bx + by, 


» Typelll: a +2ab+b’, 
« TypelV: a -b’, 

e Type V: (a +2ab+b')-c’, 

e Type VI: a + ab +b or a + 4b°, 
« Type VI: x’ + px+q, 


e Type VIII: ax’ + bx +e, 


349,2 2,23 
a +3a°b+3ab* +b 
« Type IX: z 
a°—3a*b+3ab’—b’, 
e Type X: a’ +b, 


> state and apply remainder theorem. r ; 
> find remainder (without dividing) when a polynomial is divided ty a linear bobacanial 
> define zeros of a polynomial. 
» state factor theorem and explain through examples. 4) 
> use factor theorem to factorize a cubic polynomial. 








~— 





2.1 FACTORIZATION OF EXPRESSIONS 


: Linear Polynomial = 


A polynomial of degree ‘/’ is called a linear polynomial. 
For example: x + 3, 2x — 5 etc. The general form of linear polynomials 


isax+b where a, b are real numbers ana a#0. 


* Quadratic Polynomial :-. ‘ 
A polynomial of degree "2? ig called quadratic: polynomial e.g. 


Rete a 4 3x? +5x—2, 4x? pot etc. The general form of a quadratic 
‘polynomial is ax? +bx+c, where a, b, c are real numbers anda #0. 


‘bic Polynomial :- 


= —- 


~ A polynomial of degree” ‘3’ is called a cubic polynomial. e.g. 
x — 3x7 + 5x+2, 4x +5x? —2 etc. The general form of cubic 


: polynomial i is ax? +bx? +cx+d where a, b, c, d are real numbers 
Nasa  anda+0. 


E us 4 Let P(x) be any polynomial and let a, b, c be any real numbers such 
that P(@) = («-a) (x-b) (x-c). Then, clearly each one of (x—a), (x—b), 
hoe  (oisa linear factor. of P(x). ~ 












PI To express a given polynomial as the product of linear factors, or 
____ actors of degree less than that of the given (eel is known as 
pe iccioization. 


. We see that in 15=3x5, 3 and 5 are factors of 15. Similarly, in 
= a(x + y), a and (x + y) are factors of ax + ay and in 
ett) a and @+y +z) are factors of ax.+ ay +.az. 


pee phos 








Following examples will explain, the. factorization of the expression. 


EXAMPLE-1 

' Factorize the following jac oAh-cuear-doidw ancien 
(i) 3x'+ I2y (ii) x? +3y (iti) ad+ de + dfs 
(®) 2pq + 6p°q—4p"q a ge ae 


SOLUTION: 
@) 3x+12y = 3(x+4y) 


(ii) x? +xy = x+y) 
(iii) ad+dc+df = d(a+c+f) 
(iv) 2pq +6p7q seh = 204 (1+ 3p 2p’) 






Factorization of the ex 
. Setar | ae 


, o) 


Following examples will: Scere factorization of the expression. 


EXAMPLE-2 
Factorize the following expressions: lo SaneieRiy balibe 2 
(i) 2ax+bx+6ay+3by _. (ii). 2yx.+18y? ~3xt 276) Stes 
(iti) Sym + I5yn + 2zm + 6zn , mx 2yTEKe 
SOLUTION: . Be ail 
(i) 2ax + bx + 6ay + 3by 
= x (2a +b) + 3y(2a +b) 
= (2a+b) (x +3y) 


Now check (2a+b)(x+3y) = 2ax+bx+ 6ay+3by 


— 
eit 


C Syms Lym 1 ames cr 
= oy (m+ 3n) + 2m 


(ii) Qyx+18y? +3zx427zy 
= dy. tes ye Bales Ds 3 


= (2y + 3z) (x +9) 











m % 
. #R Factorization of the expression’ of the form: ° 





a 
ap Sea es know that: Ga? 2b te? 2048)? 
ee (i) a? —2ab +b? =(a—b) 
t Sear Expressions which have the pattern of the left hand side of (i) and 


















(ii) are called perfect squares. These identities are useful-in helping 
us to factorize certain expressions. Following examples will explain 
the factorization of the expressiOris. 


EXAMPLE-3 
_____ Factorize the plowing: 
O46 +9 (ii) 12+ 36 


. SOLUTION: @) x2 46x49 = x? +2(3)(x)+3?, 
1 wan cl | = (+37 
i) P= 124436 = 7-2) + 0°... 
= t-6 


ral tion of the expression a the ‘ene 
Bao — be 


oe hi 





(oe of two oot: Ea BaXb): 


ew o 4 


EXAMPLE-5 — Factorize 36d? —1 


SOLUTION: 36d?-1 ‘= (6d) -(1)? ~ %~ 
= (6d+ 1) (6d-1) 












EXER 
Factorize: rs ee ae 
l- 3a(¢+y)-7b(x+y) 2- ax +ay—x? —xy 
a’ +a-3a’* -3 xi 4+y-xy—x 
Sax + bay — 8by — 4bx 6 2a? —be = 2ab+ac 5 
a(a—b+c)—be Mee 8- 8—4a—2a’ +a‘ 
16x? —24xa+ 9a? We 1 = 14 + 49%? 
H+ 20x? + 5—20x sen 12- 2a%b + 2ab® — 4a7b? ~ 
4x4 St 
4. eee oa Bees 
V5= 5x? 30x? +45x be a? +b? + 2ab + 2be + 2ac 
Following Bie will eeats the epithe the expressions. V 
EXAMPLE-1 Renee : re ahem sc aa 
Resolve into factors: ; OG Ay ey ai 
<a + Dy +’ — 42? i: 


5 OTE re 

SOLUTION: . (x? t2my “i =fidy . ies 
. oie heey eee 
See aye es Seb ya 2Qe Gb yts 

: 39. he iad 












y + 
te . 
\ Y \ 


@ + tbe+96)- 16 


See beh An SPENYGH 9D)? — (45)? 
re (c+3b+4x) (¢+3b—4x) 


a’ —2ab+b? -9c? . 
oS Se ee 2 rhs, 
para 5.3, 4.5 (a—b) me. Bin ( ; 

. = (a-b- 3c) (a—b + 3c) : 


= x- ~2(3)xy + 9y? — 4a? | 


= (-3 (25) . 
= We 23) (6 - oe 4 


WIS 





ide 





SOLUTION: <x! 68 0 a aes 2/832 10% ae 
= Ke +97 - 162. ¥ +H) 
at 7" 20d. BrAR@eAOD ay 
| = (+97 ~(43)? or 
| A gga & $8449) Or +8- Gace di 
: iri fioye es p65 et 
EXAMPLE-6 
Resolve into factors: si Kay Santas sa 
xt +x? y? +yt. 5 WG apa 
SOLUTION: x‘ +x’y’ +y* = tory + y') = Jeeta Rib 
BAC ete = #% totuabion: 
= @& 2 ee ~ 60)? OTE“. 
7 \ q } > yoy + ‘ 
epic’ 


" Resolve into Factors: 
Ise +2y+y -a’ 


yh 


i 


3. x7 + 6ax + 9a = 1668 



















Oe 


_ EXERCISE — 22 : 


i vibces dey Swale. o «Se 















Let x +px+g = = (etn) (ets). 
Then x? + pxtq = Pe (rts)xtrs 


a ‘comparing coefficients of the like terms on both sidés, we gaty 
r+S=p and. rs = q 


; an a ‘Thus, in order to factorize x? + px+q, we have to find two numbers 
oa fr ’and ‘s *such thatr+s=p and rs=q 


rf Following examples will explain the factorization of the expression. . 
EXAMPLE | 

| Re ; 

Oe +7412 OTe (iii) x? —5x-14 


} 


Srnibrs's and ’ such that 
“r+s=7 and rs=12 
3=7 and 4x3=12 
xP +4 + 3x4 12 “ 
X(x+ 4) +3(x+4) 
Oa . 


i 








leary — +2/=—5i and -7x2=-14 


Spey ea lip yA x? —7x+2x—14 
= x(x-7) +2(x-7) 


= (x-7) (x+2) 
- Factorization of the SLED ofthe form: | ae a 
A 4 Bsa {Teh ie gl. 
ax? torte, a# (a hap = 
ene a ete Dh ple 


To factorize the expression of the form ax? + bx +c, we find numbers 
p and qg such thatp+q=b6 and pq =ac in the given expression, 
where a,b,c are constants andg = 0. 


Following examples will explain the factorization of the expression. 


EXAMPLE 
Factorize: (i) 6x?+7x=3 + (ii) J3x? +11x+6N3 


SOLUTION: 
(i) The given expression 6x? + 7x —3, 
is of the form ax? +bx +c, ac=6 x(-3) =-18 


6x? +7x-3 = 6x? + 9X-2x-3: — | 6x(-3)==18 





= 3x(2x'+3) -1(2x+3).- | taepecte | - 
(-18)x()==18 
= ORF Y.BE oD. 5 creeas Weal ees 
, : ae -6x3=-18 | 
: | -9x2=-18 
(ii) 3x? +11x+6V3; ac = V3 x63 = 18 i HeDaate 
Clearly 9+2=I1 Ge . as oe ja 
V3x? 411x463 = 3x7 9x4 2x46N3 
= Vax[x+345] +2[x+33] 
= (V¥3x+2) (+33) 





FXERCISE — 2.3. 





2. “x? +5x-14 

Shy Ie 12. 

= 6 x7 -x-2 

& a%—12a-85 

| Ne Sear 
Oe ees 
Meera ils etic E123 
Be ane ze Bae Sa = 95 1698 + x= 5x” 
imsubeslOust Ss =~ 1B, ne aaa 
19, 5328412 a 220. 43x? + 5x = 23 








oP £30)67 io. +(2) 
te + a 




















We know that seltcha ah Se | rh i 
a 3 3 : Payor. > & . i 
(i) a+b = (a+b) (a —ab+b’ ) Mina rae 4 ; 
(ii) a’-b’ = (a—-b) (a? +ab+b?) “i i Vee: ki: ia 
: 


Following examples will explain the factorization of the expression. 
, z * 4 ig 7s k , ig 


‘ Pea ae, 
EXAMPLE-1 : ea 
Factorize : ng 
() x34+27 (ii) 8a? -125b3 (iii), xP = oy @ ‘—ooath 


SOLUTION: = +S ~ HOMIE ah eye aa 


xe Sp 


(i) x° +27 





| = G43) 2-324) rh Ss 
(i) ga? 12563 = cy nee 
saya Sy) [402 + l0ab + 25 


oy a 4. Gy 


eeu 


a? +2ab+b*? = (a+b) 


a? —2ab+b? = (a—b)? 

a’ +3a°b + 3ab’? +b? = (a+b)? 
_ @ —3a°b + 3ab? —b? = (a—b)? 

(+ y)@? —xyt+y?) =x? +y? 

&-yWi+xy+y7) = x? -y? 








JF XERCISE — 2.4 








2. 27x?-+1 

; 4, a°b? +512 
Ore ans eee en oe 27x — 64y? 
pao hea | wih. 2lor!— 343 

een 5G cet? s+) 











PQ) =a, xan, x" 1 


where ‘n’ is a non-negative integer and the coefficients are constants, 
is called a polynomial function of degree ‘n’. 


For ee 





EXAMPLE: 
Divide P(x) = 2x? + 3x3 = — 5 by: na 2 


SOLUTION: De xr ee 


(eae —> = +2 lax? + 3x3 —x-5 


42x! + 4x? : 
—x? =x-5 ia " a 
. Wate 5. | 
2x? tbe me e 
+2 —5x— oy : - )esh ‘xg 
1 RE Ee ES EO 














FH 










5 cn 1 


am EXAMPLE- i 
ihe 4 : PG) = 4 10x) + 19+ 5,i8 divided iby x+3, then 
ee oes find the remainder. 


. ~ sowmon: PG) = oe + 10x? + 19x +5 
: (hams hs Abt a0 





Rapes -a=x+3 > a=-3 
"Therefore P(-3) = 4(-3).* + 10(-3)? + 19(-3)+5 

i = 4x81-10x27-57+5 

errs os = 324-270-5745 

0) hoes = Bats 











2.2.2 Finding Remainder Without Dividing 


In the following examples, we learn to find the remainder without 
division, when a polynomial is divided by a linear polynomial. 


EXAMPLE-1 


Use the remainder theorem to find the remainder when the first 
polynomial is divided by the second polynomial. 


@) x? FSET ee (ii) x? - 2x? + 3x+3, x-3 
SOLUTION: (i) Let P(x) = x? +3x+7 
Since the divisor =x + 1 


Thereforex-a=x+1l => az=-I. 
By the remainder theorem 


R = P(-1) 
P(-1) = (1)? +3(-)+7_ 
Now = 1-3+7 
Rose 


(ii) Let P(x) = x? — 2x? + 3x +3 


X-a=x-3 => a=3 


R = P(3) 
Now P(3) = (3)? —2(3)? +3(3)+3 
= 27-18+9+3 
R= 21 


EXAMPLE-2 
| When x‘ + 2x? + kx? + 3 is divided by x — 2 the remainder is 1. 
| Find the value of ‘k’. 





| 
) SOLUTION: Let P(x) = x* + 2x7 + kx’? +3 
Since ‘the divisor = x — 2, therefore x —a Sug 2 dee 


49 
























PQ) = (2) + 2(2)) + k(2)? +3 
=164+16+4k+3 = 354+4k 


PQ) = 1 (given) 
Teese => 4k=-34 => kat 
ies daha 


is : us Zoos lo Poon 


if Ps x= a, and On) = x—a, are any fi first degree nohriomiale’ such 
that P(a,) = 0 and Q(a,) = 0 for polynomials P(x) and O~). 
__‘Thena, , a, are called zeros of P(x) and Q(x). 


sens ‘A ita polynomial P(x) is divided by x — a such that P(a) = 0, then 
__.x-ais a factor of P(x); 

cere if x — a is a factor of P(x), then ‘a’ is zero of P(x). 

— EXAMPLE-1 


: Use the factor theorem to determine if the first polynomial 
‘isa factor of the second polynomial. 


x-l,- Bete 5 

OWUTION: Let. P(x) = x? + 4x - 5 
x -—a=x-l1 

— eae 

PI) =P +4(1)-5 
Ey ae 


RW Stir aon: 


EXAMPLE-2 


Use the factor theorem to show thatx+lisa 
factor of P(x) = x7 +1 


SOLUTION: By direct substitution we see that —] is a zero of PO) 


P(x) = x7 41 

P(-1)=(-1 +10 (-14# == 1 
=-I+] : 
=0 


Since —1 is a zero of P(x) = x*> +1, 
The linear polynomial x — (— 1) =x + 1 is, 
by the factor theorem, a factor of x?* +1. 


EXAMPLE-3 
Use the factor theorem to show that x — 1 is not a 
factor of 4x’ —2x° +x? +2x+5? 
SOLUTION: Let P(x) = 4x’ — 2x6 +x? +.2x45 
x-@ =x—] 95 Sa 
P(l) = 4(1! -2(8 +? +2(1) + 5 
=4-24+14+2+5 
= 1040 
Then by factor theorem x — J is. not a factor of 4x’ “os. +x? aes 


EXAMPLE-4 


Use the factor theorem to show that x+1 is not a a? 
factor of 2x° —5x? —x+4 d 2 


SOLUTION: Let P(x) = 2x’ —5x?-x+4 









xX—-aQ=x+l > a=—l> 


P(-1) = 2(-1) -5(-1)? -(- yea : 


easly) 
P(-1) =-240_ ae 
x+is not a factor of 2x° = 5x? 
XN = . 


—2eoor-.=u=«~6]©6®]Caaa—w—— 
2.3 FACTORIZING A CUBIC POLYNOMIAL 


In order to factorize a cubic polynomial, we see the following 
examples: 


_EXAMPLE=1 
Factorize the following 
x? —x?—10x+10; x—-1 

a SOLUTION: P(x) = x°-x?-—10(x)+10; x-1 . 

i x-a=x-I >a=l 

ee PU) = P -P -10+10 

? = 0,thereforex—Jlisa factor of P(x) 
x? —10 

Now x-1 |x? —x?-J0x-10 


xi zx? 


ae -10x +10 
¥10x +10 
0 


Me 


- Now P(x) = quotient x divisor 
Thus x? —x’ -10x+10 = (x1) (x’ - 10) 


ac Pe tie following x? —8; x—2 
SOLUTION: P(x) =x'-8 ,x-a=x-2 => a=2 
P(2) = 27-8 = 8-8 
0, therefore x —2is a factor of P(x) - 
x? 42x44 
Now x-2 [x38 
=x) F 2x" 
D8 
—2x? F 4x 
4x-—8 
—4x £8 

















EXERCISE — 2.5 


I- Evaluate each of the polynomials for the value indicated. 

1. P(x) = 2x’ — 5x? +7x=7; P(2) 

2. P(x)=x* —10x? + 25x-—2; P(—4) 

3. P(x)=x* + 5x’ — 13x? - 30; P(—1) 

4, P(@x)=x° —10x? +7x+6; P(3) 

5. P(x) =x" +4x? — 9x? + 19x +6; P(—2) 

IJ- Determine whether the second polynomial is a factor of the first polynomial 

without dividing (Hint: evaluate directly and use the factor theorem). 

Gierxts — lamar) hee aie Sail 

ah x? = 225 x2 OM x) toe 

10. 3x4 — 2x? + 5x6; x-I Il. 5x° —7x3 —6x +x; x-l1 

12. 3x? —7x? -8x+2; x41 13. 5x? —2x° 43x39 +6x42; x4] 
14, 6x? +2x? -—x+9; x-1 15. 4x3 — 3x? =8x+4; x-2 

16. 5x? +3x?-x+l; x+1 ° 7. 2y’—8y’ +y-4; y-4 


18. 2? —5z*-4z-4; z+2 


III- Solve. 
19. If PQ) = x? -ke? +3x+5 is divided bys I, find 






lf remainder is 8. 


ear polynomial is of degree = 


(b) J 
() 3 


(b) 1 
() 3 


(b) 1 
@ 3 


Factorization of (<+ 3)’ —4 is 
) e+) +9) Dea) +2) 
-5) () («-1)(-5) 


(=) &-4~4+4 
() @&-2) (+4) 


(0) (ey) 6 +xy+y”) 
@ (+y) @’ +xy+y’) 


— () (a-I) (a? +1) 
 @ @’+)) (+l) 


i divided by polynomial Rely | 


| 





9. If x —ais a factor of P(x), then P(a) = 
(a) 0 (b) 1 
(c) -a (d) a 


10. If P(x) =x? = 2x? +5x4/, then P(1) = 


fa) 5 (b) -5 
(c) -7 ated) 


J- Fill in the blanks. 
1. A linear polynomial is of degree 
3 2.. A quadratic polynomial is of degree 
. Accubic polynomial is of degree 
. Factorization of x? —9 is_ 
. Factorization of («+ 2)’ -/ is 


. Factorization of x? +8 is 


. Factorization of x? —8 is 


If P(x) =x! +3x? -2x+1is divided by x — 1, then P(f) = 


9. If P()=x' +3x? —3x+ lis divided by x + 2 then P(- 2) = 


10. If P(«)=x" —a’ is divided by x — a then P(a) = ____ 





SUMMARY 


Linear Polynomial: A polynomial of degree “/” is called linear 
polynomial. 


sana Mand nn is 
Py 


Quadratic Polynomial: A polynomial of degree “2” is called quadratic 
polynomial. 


Cubic Polynomial: A polynomial of degree “3” is called cubic 
polynomial. 


Factorization of following types of polynomials: 
. fea hy + ax+ay+bx+by, a?+2ab+b? 
a’ -b?, (a? +2ab+b? )—c’, at +a’b’+b* or a* +4’, 
x? + px+q, ax’ +bx+c, 
a? +3a’bx+3ab’ +b’, a’ —3a7b+3ab’ —b’, 


a+b’. 


| 
| 


3 | Remainder Theorem: If a polynomial P(x) of degree n 2 > lis divided by a 


polynomial ‘x-a’ where ‘a’ is any constant, then 
remainder is P(a). 


: Ifa polynomial P(x) is divided by ‘x—-a’ such that 
P(a) = 0, then ‘x-a’ is a factor of P(x). 








UNIT 


ALGEBRAIC MANIPULATION 





> H.CF and L.C.M 


> Basic Operations on Algebraic Fractions 
> Square Roots of Algebraic Fractions 


After completion of this unit, the students will be able to: 


> find highest common factor (HCF) and least common multiple (LCM) of algebraic expressions. 
> use factor or division method to determine HCF and LCM.” 
» know the relationship between HCF and LCM. = 


» use HCF and LCM to reduce fractional expressions involving +,—, x, +. 


> find square root of an algebraic expression by factorization and division. 












3.1 HIGHEST COMMON FACTOR (H.C.F) AND LEAST COMMON 


MULTIPLE (L.C.M) 
a1 Highest Common Factor (H.C.F} 
The highest common factor of two or more algebraic expressions is the 


_ expression of highest degree which divides each of them without 
remainder. 


The abbreviation of the words highest common factor is H.C.F. 


We can find the H.C.F of two or more than two algebraic expressions 
by the following two methods: 


(i) Factorization 


(ii) Division 


HGF BY FACTORIZATION METHOD: 





_ Method of finding highest common factor by factorization is explained 
by the erie examples: 


i athe denen fe wtny 


& 
& 











fy 


EXAMPLE-2 
Find H.C.F of 2x? +3x+J, 2x? +5x+2 and 2x?—x—-] 
SOLUTION: 
Factorization of 2x? +3x+1 = 2x? +2x+x4+1 
= 2x(x+1)+I1(x+1) 
= (2x+1) +1) 
Factorization of 2x? +5x+2 = 2x? +4x+x4+2 
= 2x(x+2)+I1(x+2) 
= (2x+1) (© +2) 
Factorization of > 2x?-x-1 = 2x? -2x+x-I 
= 2x(x—-1)+1(x-1) 
= (2x+1) «-1) 
Common factor . = 2x+1 
Thus H.C.F = 2x+1. - 


EXAMPLE-3 
Find H.C.F of — 24(6x* —x’ — 2x”) and 20(2x° + 3x° +x* ) 


SOLUTION: Let P(x) = 24(6x* —x’ — 2x’ ) 
= 24x? (6x? —x—2) 
= 24x?| 6x? -4x+3x—2| 
= 24x? |[2x(3x—2)+1(3x—2)| | Bie. 
P(x) = 24x? (2x+ 1) (3x-2) = 2? x2x3xx"(2x+1)3x-2) 
Also let Q(x) = 20(2x° + 3x’ +x*) 3 j 
= 20x*| 2x? + 3x+1] A Re ee 
= 20x‘ (2x? +2x+x+1) : Rese 2 eee 
= 20x4[2x@e+1)+1@+1)| 
_ = 20x*(<+1)(2x+1) 
= 2? x5xx? xx? (x+1)(2x+1) 
Common factors = 2? x x? x (2x+ 1) 
Thus H.C.F = 4x? (2x+1) 









EXAMPLE=4 
Find-H.C.F of x?-4, x? —7x+10 and x?+x-6 


SOLUTION: Factorization of x’-4 = (x-2) (x+2) 
Factorization of x? —7x+10 

x? —5x—2x+10 
x(x —5)-—2(x-5) 
(x—5) (x—2) 
+x-6 
x? + 3x-2x-6 
x(x + 3)— 2(x + 3) 
(x<+3) («-2) 
‘Common factor = x—2 

Thus H.C.F = x — 2 


tou 


N 


Factorization of x 








H.C.F BY DIVISION METHOD 


In order to find the H.C.F by division method, arrange the given 
expressions in descending powers of the common variable. 

Divide the larger degree polynomial by another one. Get the remainder. 
Take the previous divisor as the dividend and this remainder as ie 
divisor. Divide and get the remainder. 

Go on repeating the process till we get zero as the remainder. The last 
divisor is the required H.C.F. 


EXAMPLE-1 


-Find the H.C.F of (x? —x? +x—-1) and (x' — x? —3x+3) 
by division method. 


SOLUTION: 1 
x-x? +x-] [3 — x? — 3x43 


—x xx? +xFl 
—4x+4 = —4(x—-1) 


zc: Now dividing: —4x+4 by -4, weget x-1 


x? +] 


Thus H.C.F = x-I 


Remember that: 


H.C.F is not affected by multiplying or dividing the pol 
with any number during the process of finding H.C. Fe 


3 














EXAMPLE-2 
Find H.C.F of 2x? + 6x? +5x+2, 5x’ + 10x? - 3x-6 and 
3x7 + 6x? + 2x44 

; o SOLUTION: 13 7 5 
* 2x? + 6x? + Sx +2 [5x3 + 10x? — 3x—6 

2 x2 
10x? + 20x? — 6x — 12 
+ 10x? + 30x? + 25x+10 
~10x? —31x—22 


Now dividing — 10x? - 31x-22 by 1’, we get 10x? + 31x +22 


x-1 . 
10x? + 31x+ 22 (2x? + 6x? + 5x42 
XS 
10x? + 30x? + 25x+10 
LUO SIX? +22, 


—x? +3x+10 
x10 


—10x? + 30x + 100 
10x? 31x ¥F 22 
61x+122 


by 61, we get x+2 











| e ~ 


| » Now 3x? +2 reed ot one 


x+2 [3x3 46x? 4 2x44 1 ik od Bo 
+ 3x9 + 6x? ' 
2x+4 
+2x+4 5 
0 


Thus H.C.F = x +2 i s 


EXAMPLE-3 


if x—a is the H.C.F. of x?~x-6 and x? +3x—18 then find the 
value of a. 


SOLUTION: Clearly, (x — a) divides both x? —x- —6 and ean 3, 
so x = a makes both polynomials zero. ap: 3 ‘de egaee 


i.e. a?-a-6 =0 and a’? +3a-18 =0 
a’ -a-6 =a°+3a-18 : 
4a = 12 a 

a=3 3 


7 





Find the H.C.F by Division Method. 


l xftx74], xftx%+x4+/1 
Oxi +7x? 9x42, ae! +60 — 15x? + 9x-2 
4x3 + 2x? —6x , 4x3 —8x+4 
x3 + 7x? + 12x x? — 2x? — 15x 
—x?-x4] 4 x4 —2x3 +2x-1 
xe —x?-x-2 | x) +3x7—6x—-8 
Phy x? -2x? —2x+3 


3x3 — 14x? + 9x+10 , 15x? —34x? +21x+10 


, xt 4x2 t4xt2 , Oxi t+ 5x? +x, 2x4 43x34? 42x4/ 


WO. x7 +27 —5x4+3, x°-2xe46 , x3 + 2x? - 2x43 








EXAMPLE-1 : 
Find L.C.M of 12p°q’, 8pqr* and 4p*q>r 
SOLUTION: : os 
Factorization of 12p3q? =(2 x|2|x 3 x [p]x 





x 


Factorization of — 8p?qr? =|2\x\2|x 2 x 


Factorization of  4p?q?r =|2)x\2|x 


L.C.M = Product of common factors x product of uncommon factors 
- = (2?x p? xq? xr) x (2x3x pxqxr?) ; 
= 4p’q’r x 6pqr’ 
= 4x6xp’ x pxq?xqxrxri 
L.C.M = 24p'q° r 


Remember that: 


Common factors are not repeated while toning product of. 
common factors. 





EXAMPLE-2 
Find L.C.M of 18ab’c’, 6ab’c? and 24ab’c’. 
* SOLUTION: | 


Factorization of — 18ab?c? 
Factorization of —_ 6a*bc? = 





Factorization of. 24ab*c 2 






= (2x3x Sete (per a) 
= (6ab*c})x (12a) . 
LGM. = 72a’b?e3 













EXAMPLE-3 } 

Find L.C.M of x*—49 and x’ -4x-21 

SOLUTION: x? — 49. = x? -7? 
i = (&-7) &+7) 
and x? —4x-2] = x? -7x+3x-21 
; 3 = x(x-7)+ 3(x-7) 
§ 7) 43) 
aa _ Oxia factor =x-7 

-.... Product of. uncommon factors = (x+7) (x+3) 


oes, Aa Best sews 


fl c M = Product of common factors x product of uncommon factors 
= &- 7)x(x+7) (x+3) 
ae | = (x? -77) (<+3) 
; : = (x? 49) (x+3) 
LOM = x +3x?—49x-147 . 





_ EXERCISE - 3.3 


CEI 
2, 3a%b’c? , 5a*b*c° 


4, x? yz, xy?z , xyz" 
x64. x?- 16 


Wx? =y?, xf yf x= y! 


2 HE Se at x! +6 





3.1.3 Relationship between HCF and LCM 


lf A and B are two algebraic excrescione and H.C.F. and L. C. M of 


these is represented by H and L respectively, then the relation among 
them can be expressed as: 


[AxB = HxL)) 
It is called a formula between L.C.M. and H.C.F 


PROOF: Suppose that 











A 
== and —= 
fe 4 
A SAK) ceecerctess @) 
B= hyo (ii) 
Since there is no common factor between x and y 
Therefore L=Hx.y 
HL = H(H.x.y) (Multiplying both the sides by H) 
= (Hx).(Hy) 
HL = AB. 
Important results: 
.AxB 
Sic 
“AxB 
; H= 
@) : if 7 
HX Tien 
By, 


Note: If A and B.aré two algebraic. expense then we glad H.C. F 
first, before Stade the L.C.M. 


find: L. C.M. 








: a 
LC. M and H.C.F of two algebraic expressions is (2x+1) &? -1) 


d (2x+ i) ‘respectively. If one expression is (x—1) (2x + 1), then 
find the other. : 





bY HEYIOT 





solution: L = (2x +1) a) 
H = 2x41. 

i  A=G- 1) (2x+1) 
bie | ule ail Bi=2)- 


We have that -AxB = HxL 








ep J. ‘a ioe : i A 

me mei ; _ (2x+1) (* =I) (2x+1) 
ead 2 (<-1) (2x+1) 
cc _2x+ I) (+1) (e-)2x+1) 
Bee aM ate 5 5" ESTED 


B= pe 


- eth 








EXAMPLE-3 


Product of two expressions is x‘ + 3x? — 12x? — 20x+ 48 and their 
L.C.M is x? + 5x? —2x-—24. Find their H.C.F. 


SOLUTION: Given that Ax B = x‘ + 3x3 — 12x" =248 r 
Lae 2x- 20 oe 
Hei see) 

LxH = AxB 


_AxB 


len : ¥ ba 3 hint 
L Sth ; FRA Uae ay 





xf 43x) — 12x? — 20x +48 


He 
fea 2h ae 


- 


x= ae 1 oo ae 

(x) + 5x? = 2x Serer) See 
tof + 5x3 2x? F 24x. mil i 

— 2x3 — 10x? 44x 448 H : 

2 by Nee Ells tebe fk, SER 
“ONS ie 


~ 
oo 





F XERCISE — 3.4 


Find the H.C.F and L.C.M of the Following... 
} i. tx txt! , ux exe! | 
% oleae |) 9 7h 3 3x? axe, rege 4 
Boxe txt , 2x°— 2x? +x-1 
4. 6x? + 7x? —9x +2, 8x" + 6x? — 15x’ + 9x-2 
5. 3x4 +17x? + 27x? +7x-6 , 6x! +7x? — 27x? +. 17x-3 
§ 6. 2x4 43x? — 13x? —7e +15 , 2x’ +x? — 20x? -7x + 24 
als Jao ee Se ale 


8 x! tx) +x+1, x! +x) —x— I 

Find the Required Polynomial. 

9. A = x’ —5x— 14, H=x-7, L = x’ - 10x? + 11x+70 , B= 2 
10. B = Bx? 41d +8 , H = 3x42, L = 643 + 25x? Oe 8,A=? 


mie The product of two polynomials and their L.C.M. are 


x6 +6 — 3x’ = OK 48 and x? + 2x? —11x—12 respectively. 
‘Findtheir H.CF. 1! WS, 





of two polynomials and their H.C.F are . / 
53x? - 102x+72 end x-3 fgsnecively. Find L.C.M. 








3.2 BASIC OPERATIONS ON THE ALGEBRAIC FRACTIONS 
3.2.1 Addition and Subtraction of the Algebraic Fractions’ ee 


Addition and subtraction of the algebraic fr fractions are explained i in the 


following examples. 


abst) 


EXAMPLE-1 


Simplify 


SALE S 


43x42 x= 5046 x? 42-6 — 


x°-2e-8 x? —Ie 412 - x? — Oe £8 


=a Sra kp 


—2x-8 Yohe+1D x’ -6x+8 


us x? +262 x 2) x 2 3x—2x+6 Ease 2x-6 


x? —4x+2x- 8 x? —4x-—3x412. x? —4x-—2x48 


_ +2641) ,G 3)(x-2) 6 43)e—2). 


(© E+ -Ye-3) AED) 


x+J]. 
x— 





+ x— ZocixdDizesxKe sisiisws aie Ghee Oa o 
x-4 -—4. Dee, ‘GYSi tay eel can; jolerdaigis 


Aw” 


x+]+x—-2-x-3 


Shoised inte hegie to me assets 
x-4 ees ; : ’ 


pnom 


~ 15 se 
bak 




















EXAMPLE-2_- 


acho, EA 1 iy ab 
a?+ab+b’ a-b a’-b* 


-_. Simplify 


‘ ask aN ka, an nee pers ah 
8) SSS ae ee 
a a’ +ab+b’  a-b a’-b? 
ee f . ; 4 ; 3 a oF 


_ a’ —b’ +a’ +ab+b? —ab 
a’ -b° 


if 2a? 
Gab: zi 


‘ ee en and Division of the a Fractions . 


R are called 





EXAMPLE-1 


Simplify 


SOLUTION: 


b? -c? -a’+2ac b? +c? -a? —2be 
c? +a*-b? +2ac a? —b? +c? —2ac 
b?-c?-a’+2ac b? +c? - a? -2be 


co +a’-b’+2ac a? —b? +c? —2ac 


-(c? +a? —2ac) 3 (b? +c? ~ 2be)— a’ 


: (c? +a +2ac)—b? (a? +c” —2ac)-b? 


-@-o) | b= a 


2 (a+c)—b? (a—c)’ —b’ 


[b? —@5 | x Os c—a)(b—c+a) 


~ (at+c—b)(a+ce+b) ule (a- js 


= -(bc=a) hoena) 


EXAMPLE-2 
Simplify 


SOLUTION: 


(a+c-b)(at+b+o) 


_ (a+c-b)(atb-o) _ a+b-c 
\_ Gites b)(a+b+c) a+b+c 


a@—b? ie a’ +ab+b? 
4 _pf a? +b? 





a—b? a’? +ab+b? 
a‘ —b* a’ +b? 





QDs a? +b? 
a’—b* =a? +ab+b? 





_ a-b)(a? + ab +b?) Syrah 
@ RCE oy) ete 
























EXERCISE — 3.5 


Lh IE a 


mattant a+2 





ae Se 
a | ae (&-2a) x’ -Sax+6a’  x—-3a st 





ea eee 


- ae | a ET a+] a1 a? 


Ligioey ihe I z axt] 
x txt] scaitd x6 +x? 4] 





og a (b- 5) ~~ B(e-a) eC) 
Gia. (b+c)(b+a) (c+a)(c+b) 











zt =—2 
x+y’ 
x(x + y) x 
74+8 +x. 


Be 16 2 cont: 








3.3 SQUARE ROOT OF AN ALGEBRAIC EXPRESSION 


We can find the square root of an algebraic expression by” bn 
(i) FACTORIZATION 
(ii) DIVISION 


3.3.1 Square Root by Factorization Method 


By this method we find the square root of the expressions which can 
be expressed as a complete square. | 


For example: 





Therefore, the square root of an algebraic expression consists of two 
expressions which are additive.inverses to each other. 


EXAMPLE- 1 
Find the square root of 49x? +112xy+64y’ by factorization. 


SOLUTION: 49x” +] 12xy + 64y? re 
= (7x)? + 2(7x) (By) + (By)? 
¥ — (7x + 8y)?- newer ee eS, 


49x? + 112xy +64y? = = [EC + 0). ancubay ealsk eae 






Taking square root of both the sides, weshaKe nae ms a 
i> A+ | Sets my 


49x + [12xy + 64y? = (7x48) 


yay 15 


ea) 
| ¥ 
‘ 








_EXAMPLE-2 


‘Find square'root of (2+ +.) +10¢¢+4) +27 ; 
x x F 
* SOWWTION: Let x+2 =z 
: 4 aX 
&+— a =z (Squaring both sides) 
x 





vtte2 Sy, 
x 





5 eee 








es 6? +)+ 106044)+27 = 27 -24102+27 


= Ze ? +106 +25 





= -@ +2(2)5 + (5)? 


x 
o 





EXAMPLE-3 
Find Square root of x(x -1)(x-2)(&-3)+1 


SOLUTION: x(x—1)(x-2)(e-3)+1 
= [x@e-3)] (edd 
= [ x? - 3x] [ x? -3x+ 2|+1 
Put x?-3x =z 
(1) (e- 2) = se 2(2+2)+1 
=z’ +2z+1 | 
sae 
Now put z = x’ -3x 


x(x — 1) (x2) (¢-3)+1 = @? 3x41) 


= [67-34] 


Taking square root of both the sides, we get = 


« 


| RGD RHP] = CP Gn) 


me 


wit 
















_ EXAMPLE-4 - 


Find square root of (~+~)? -4(~-~),@#0,y#0) 
. yx van 


SOLUTION: Let 


bay (Sa =z”! (Squaring both the sides) 
“1 Dee. 


Eee : ae 

; Pe 2X x: x j x 

ele =47p-4~-%) = (SS DA 
Yo A SS i a Aa 


=27 4242-42 a 


= 742440 







= (2-2) ; a 





=[+¢-2] ek [retin z= :2| 


yx 





3.3.2 Square Root by Division Method © 


We explain the method of finding the square root.by division method in 
the following examples: 


EXAMPLE-1 | 
Find the square root of x? + y’ +z? + 2xy + 2yz + 2xz 
SOLUTION: “x+y +2 


x? 5 eye ayaa +z" 











+x? 
2x+y SU Pe: 
+ 2xy +y? 
2x+2y+z 2xz + 2y2 +z" 
+ 2xz + 2yztz* 
0 


; Required square roots are +(x+y +z) é 


() Write the given expression in descending order. 
Take square root x of the /st term x’. 
On subtraction, remainder is Depslaia Beye +27 





(i) Multiply 2 times the quotient x by y, which is equal to the — 

st term of.the remainder. Therefore by dividing the 

remainder with 2x +y., we get the new remainder 

- Qxz + 2yz+2? and x+y as quotient: whieh are ihe: sie two ’ 
rye at t= =5- Patt 

terms of the square ‘root. ¥ 


(ii) Divide this remainder By sum of 2 times the vd and 
zie 2x+2y+z. 

We get the quotient x+ sees a 

Thus +(<+y+z) are the requi 





~ EXAMPLE-2 





“© Find square root of ° (x’ -5/ =~ 12(x? -5)+36 


1 ALLS ee 
SOLUTION: (x a FP -12¢% a )+36 





x xf 4-2 12x 2435436 


xt —12x? +344 22 + zs (Writing in descending order) 
x x 








x! = 12x? Bagnee a 
gt x! 


\+ x4 





= 12x? +344 545 
x 


+ 12x? +36 


2d 
x 4 
el 

Qt—5 tm 
F 4 x? x! 






Oo 











EXAMPLE-3 


For making x‘ - 12x’ + 217x+320 a complete square, 
() What should be added ? (ii) What should be subtracted ? 
(iii) What should be the value of x ? . - 


SOLUTION: Se ae 


x? — 12x? + 0x? + 217x +320 . 
+x! 





2x? — 6x — 12x) + 0x? + 217x+ 320 
¥ 12x) + 36x? 
2x? —12x—18 — 36x’ + 217x +320 
F 36x? + 216x +324 
_x-4 


' (i) By adding —x+4, the expression will be a complete square. 
(ii) By subtracting x — 4, the expression will be acomplete square. 


(iii) If x4 = 0 i.e x = 4 then the expression will be a complete | 
square. : 


EXAMPLE-4 

For what value of ¢ and m the expression 

4x‘ — 12x? + 25x’ —tx+m is a complete square, where x#0 
SOLUTION: 2x? = 3x44 


2x? 





4x? — 12x? + 25x? —tbx+m 













+ 4x4 
4x? — 3x = 12x! + 25x7 Rete 
| $12x7 +9x? isl terw total ‘ 
4x? —6x+4 ‘16x? —bx+m = ee 
— 16x? $24x +16 


(—¢ +24)x+(m—16) = 


0 UNIS ALGEBRAIC MANIPULATOR 
Tora ad 5 
. 


i The given expression will be a complete square, if for each value 
; of tandm, the given. expression (—t + 24)x+(m—-16) is zero. 
_——— It will be possible only if: 
i —-6+24=0 and m-16=0 
; ¢=24 and m=16 
‘Thus fort’ =24 and m=I16, the expression will be a 
complete square. ° 


EXERCISE — 3.6 
Find the ae Root of the Following. 
1. 16x? + 2dxy +9y? 
| 2 6? 7412) (x? —9x + 20) (0? — 8x + 15) 
ae (2 48x47) (2x2 —x—3)(2x? +1 1x—21) 
(bX + Yet YO+6)+16 
bs 3. ieee 7" 16 








6 +) 106<+=)+27, x#0 


4042) +8,(140) 







Le 
=; 'sacomplete square, 










Encircle the Correct Answer. 







_ Product of two expressions 
L.C.M 

(2) H.CF (b) L.CM 

(c) L.CMx H.C.F () LCM+HCF 

’ The number of methods to find L.C.M are: ~ 

(a) 0 (b) 1 (C) eZ aa 3 () 3 

. The number of methods to find the H.C.F are: 

(a) 4 (b) 1 (c) 2 () 3 


=? 
















H.C.F of /2pq, 8p7q is: } 
(a) 4pq (0) 4p°q° () 4pq" (i) 4p°q 











H.C.F of 2x?+3x+J, 2x? -x—Jis: 
(a) 2x-1 (b) 2x+1 (c) 
H.C.F of 6pqr, 15qrs is: 
(a) ; (b) 3pqr 
















3qr (c) 3pqrs 






L.C.M of 2p", 8p’ is: 
(a) (b) 






24 Pg 24p°q 24p'q? 









Product of two expressions = 


(a) HGF () LOM 
(c) H.C.FxL.CM : () HCF+L.CM 









Product of two expressions _ 


H.CF sa ah sled 
(a) L.CM : (6) C.F mi shin CESS ree Apel ca 
() 0 (d) LCM x H.CF : 








~ 






10, 2-C-@ x H.C. F 
» ‘First Expression i 


@) 


- tr elgtien nuiorereted 
‘cart a iph sm Gia FD, ‘ 
If. oe 









(b) 


second expression 





S 
- 
2 
ps 





LINEAR EQUATIONS — 
AND INEQUALITIES 


Linear Equations 

Equation Involving Absolute Value 
Linear Inequalities 

Solving Linear Inequalities 





VvVvT VV 


After completion of this unit, the students will be able to: 


> recall linear equation in one variable. 

» solve linear equation with rational coefficients. 

» reduce equations, involving radicals, to simple linear form and find their solutions. 
> define absolute value. 

> solve the equation, involving absolute value in one variable. 





> define inequalities (>,<) and (2,s). Y 
» recognize properties of inequalities (i.e. trichotomy, transitive, additive and multiplicative). 
> solve linear inequalities with rational coefficients. 



















4, T LINEAR EQUATIONS 


oni Astatément i in which sign of equality “=” is used to link two. algebraic 
‘ expressions is called an equation. An Saiation involving only a linear 
$ polynomial is called a linear equation. Equation ax + b= 0 a#0-isa 
linear equation in one variable in standard form. 


For example: — 


ae | @ fe 5s 5 SMe axed = 
me ‘ j os 1 ate 5S: ya=2 
a bs =(t+3)—2t = 5 iy) =y+4 =-—— 
9) 2455) OY) Gy 44 2 


4D Linear Equation in One Voriable 


Any equation that can be written in the form: 
ae axtb =.0, GF Oe... (1) 


where a and 6 ‘are sorsents and x is a variable, is called a linear 
equation (or first degree equation) in one variable. 


Equation (J) always has a solution: 


a ax+b i a#0 
ax=-—b 


x= ab is the solution of the equation (1) 
iS a 





NEAR EQUATIONS AND INEQUALITIES 


RULES FOR SOLVING AN EQUATION: 


(i) Same quantity can be added or subtracted to both sides of an 
equation without changing the equality. 


(ii) Both sides of an equation may be multiplied by a same 


non-zero number without changing the equality. - 


(iii) Both sides of an equation may be divided by a same non-zero 
number without changing the equality. 


(iv) TRANSPOSITION: 


. Any term of an equation may be taken to the other side with 
its sign changed , without effecting the equality, is called 
transposition. 





EXAMPLE 
Solve: 5x-6 = 4x-2 
SOLUTION: We have 5x-6 = 4x-2 


or 5x—4x = —2+6 [ Transposing 4x to L.H.S and —6 to R.H.S ] 
Thus x = 4 is a solution of the given equation. 


CHECK: Substituting x = 4 in the given equation, we get 
LHS = 5x(4)-6 = 20-6 = 14 
RHS = 4x(4)-2 = 16-2 = 14 
«LHS = RAS 
Hence x = 4 is solution of the given equation. 


4.1.2 Solution of a Linear Equation 
Any value of the variable which makes the equation a true 
statement, is called the solution (or root of the equation). 


Solving an equation means to find a value of the variable which 
satisfies the equation. 


87 















os We have oo 2-x 


or 3x+x=2 -= (Transposing —x to LHS and + LEY) 
5 


+) =e ot OF es 

het) bas iat Vhs ‘ B) 
Kee F I I 9 
or ~x4x = — x 2 (dividing both sides by 4) 
4 fos 

= ¢Qh* 

x=— 

20 


= 


alli: 
— (Transposing dis tons ond Ras) 
3 


na 


eelieupe 
'¥ ad mg bit t 


Seay 








Thus, y = 5, is solution of the given equation. 


cuece: Substituting y = 3 in the given equation, we get sean” 


(29 LOT 

LHS) (20 | Salpeter 

eal F100 

[en(9 aye a 

= dy | Soe ee 

RS +* (Hl i AD 
LHS = RHS 


Hence y = = is solution of the given equation. 


EXAMPLE-3 
3 


3 =x4+—X = — Xt — 
Solve: Phe ; x x 


SOLUTION: L.C.M of the denominators 4,6,2,4 is 12. 
Multiplying both sides by 12, we get 


3x+2x = 6x+9 
or 5x = 6x+9 ; 
or 6x—5x =-9 [ Transposing saat 
or x=-9 


Thus x = —9 is solution of the given patiationts 


CHECK: Substituting x = —9 in the given enuaton, we get 






1 1 9). dye a! 
= = -9 - 2 = —— Ast 
LASTS renege) Nee reve 
RHS oe 
J 4 ae 
o LHS SIRES. oe Sathana 


Hence x = -9 is solution tle the given « 


vedi 


EXAMPLE-4 
5x-4 
8 





; x—-3 
“a ee: 


hy 5x-4 x-3 _ x+6 
SOLUTION: We have 3 cae T 7 
Multiplying both sides by 40, the L.C.M of 8,5,4, we get 
5(5x—4) — 8(x—3) = 10(x+6) 
or 25x—20—8x+24 = 10x +60 


or I7x+4 = 10x+60 
or 17x—10x= 60—4 [ Transposing 10x to L.H.S and 4 to R.H.S ] 





Oh NEN x8—="50 
or x= 2 ae [ Multiplying both sides by ] 


Thus x = 8 is solution of the given equation. 


te CHECK: Substituting x = 8 in the given equation, we get 
Ds Gertgi Sra Sity SO ny 5 28) 9.7 


LLG = ee ele a 
- eee 8 3) 8 8 4 
RAS == 
Hh ot?) 
Bee — NOTES. 


, Hence x = 8 is solution of the given equation. 


ees AHL. 





ee 
with 
ot 


™ 
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EXAMPLE-5 
3x-4] — 4x-27 
3 —| 2x — === ws 
Solve: x [2s ; : 3 
SOLUTION: We have, =| 2% - at ot ‘ 25 
By removing the brackets, we get, 
3x-4 _ 4x-27 
x — 2x+—— Z 
7 3 
or ued 2 a a : 


Multiplying both sides by 21, the L.C.M of 7,3, we get 
—2Ix+3(3x-—4) = 7(4x-27)-63 
or -2Ix+9x—12 = 28x - 189-63 


or —12x-—12 = 28x —252 

or —12x — 28x = —252+12 [by Transposition ] 

or -40x = —240 

or X16) [ dividing both sides by —40 ] 


Thus x = 6 is solution of the given equation. — 
CHECK: Substituting x = 6 in the given equation, we get 


LHS = 5-| 26-220] =6- -(12-4) =6= (ee) 








= 6-10 =-4 "t 2 eee Sa 

Rus. = 20-2) (3 2h 3 = 23 = 

3 35 te sets’ AL 4 4 ‘eee ee on. 
». LHS = RS . neo i. 
Hence x = 6 is solution of the given equation, = = 


° ate 





What we need f know > 


Mood 




















Solve: 0.3x+0.4 = 0.28x+1.16 
SOLUTION: We have 0.3x+0.4 = 0.28x+1.16 
or 0.3x—0.28x = 1.16-0.4 [by Transposition ] 


or  0.02x = 0.76 
a. 5 ae 
0.02 2 


Thus. x.= 38 is solution of the given equation. 
CHECK: By substituting x = 38 in the given equation, we get 
LHS = 0.3x38+04 = 11.4+04 = 11.8 
aa 2 RHS = 0.28x38+1.16 = 10.644+1.16 = 11.8 


. LAS = RAS 
Hence x = 38 is solution of the given equation. 


3x — 2(2x-5) = 2x+3)-8 
10H: We have 3x —2(2x -5) = 2x+3)-8 
3x 4x+10 = 2x+6-8 
ex 0 eer 2 

are -2 = 10 











4.1.3 Equations involving Radicals 


In solving an equation such as 
Cc) = 55> ee () 


Squaring both sides x—/ = 25 
X26 


which is solution of (1) 


However, if we do the same thing to 


x = 26 
which is not a solution of (2) 


Since 5 #—-—5 


Similarly , we note that 
{x|x=5 }= {5} 
ee) (on 





Where as we see that the solution set of xa is a subset of the 


solution set of the equation. 
We get by squaring each member of x = 5. 









EXAMPLE-1 
x+Vx- = 4 
SOLUTION: x+Jx—4 = 4 


Solve: 


x? —9x+20 = 0 
(&-5)(@-4) = 0 
Oe 4 


5 i) 
5+J5-4 =4 
S+1#4 


Therefore, x = 5 
is not a solution 


; : Vx—4 = 4-x 


x-4 = 16-8x+x° 


? 


. Solution set = { 4 } 


















(Isolating the radical on one side) 
(Squaring both sides) 


(Solving quadratic equation) 


Check to eliminate extraneous roots (if any) 


x=4 
44+V4-4=4 
4=4 


x=4 
is a solution 

















EXAMPLE-2 


Solve: J3x—2 — Vx =2 


SOLUTION: J3x—2 = 24+ Vx 


3x-2 = 444Nx+x 


3x-x-2-4 = 4x 


2x-6 = 4x 

x-3 = 2x 
x? -6x+9 = 4x 
x’ -10x+9 =0 ° 
(x-9(x-1) = 0 
x=1,9 





(Squaring both sides) 


(Dividing both sides by 2) 


(Again squaring both sides) 


Check to eliminate extraneous solutions (if any) 


ro il 

V3X1ao = lee 
Vi -VI =2_ 
042 


Therefore, x = 1 
is not a solution 


.. Solution set = {9} ieee 







ROL) Sa) = 7) 
> ( APS =) = 2 > 5 
: fy 
Spee 5-3 =2 ; “ 
eu5 ai. Vike Si . : 


is the solution : eo 














EXERCISE — 4.1 





(i) 3x+20 = 44 (ii) 
(ili) 3x +3(c+1) = 69 (iv) 
3(x+3)=144+x 3. 
9x —3 = 3(2x-8) GS: 
2(7x-6) = 3(1+3x) 7. 
gee 9. 
x4+5 
















=O Ls gamano eI: 


ye 17. 


Vm+7 13. V5n+9 =n-] 


4x 3x 


ee See 


ae) 
(90 -9x)+27 = 90+9 


3(2x + 5) = 25+x 
3(2x—1) = 5(x-1) 


10x-1 _ 
2x+5 


5x+3 =2 
x+6 





VW. x = 15-2Vx 


Vx+5+7=0 


EM a2 











JATIONS AND INEQUALITIES 


4.2 EQUATIONS INVOLVING ABSOLUTE VALUE 


In this section, we learn.to solve the linear equations. involving absolute - 
value. 


4,2. 1 Absolute Value: 


For each real number x, the absolute value Pe Xe denoted by |x|, is 
defined by the formula: 


x if x>0 
|x| = 40 if x=0 
—x if x<0° . ! = 
For example: 
|8| =8 
|-8)=+(-8) = 8 


4.2.2 Equations involving Absolute Values 


Using the above defi atone we will not find it difficutt to show 
that for p > 0. n 


‘|x| =p x= tp 


EXAMPLE Re 
Solve (i)|x|=5 (ii) tap laa (ili) |x+2)= 30 
~ SOLUTION: ee ‘oli 
@  |xj=5>x= “5 NWS Sikh SOI EE al 


54) -3, -2,-1405 0.2 3. 4 5 
7 












(ii)  |x-3)=5 = x-3 =45 
x p= OF: ) x-3 =-5 
: seach “or x =-5+3 
x=-2 
-x=-2 or 8 





eee 2 Se 5 OTS 8 


a (iii) |xt2|=3'> x42 =43 
; pgs) ors+2 = —3 
x=3-20r x=-3-2 
x=] or yxy=-5 

x=l1 or -5 


if a of =) SS See 


a 


43 LINEAR INEQUALITIES 


_ We Ron boi erdeting of numbers on the number line. A numbel on 
_ the number line is greater than any number on its left and less than _ 
any number on its ght 


SSN 


en. Pe 


LL ag eres 


INEQUALITIES 





re 


Se qfitetand -1 0 AAs sn egaennsee ace 


‘te 
-4 lies on the left of -1, hence ay is. s less sar * ih 
and we write 4 < ne at oa 
2 o _ tatieT 
We write a <b, read “ais less than b” if and only if there exists a 
positive real number p such that 


asplan stio yak figy linw \alewpanting j 


We write a> 6, and read “a is greater than b”. We write a <b if and only 
ifa <b ora=b and we writea2b if and only ifa>bora=b 


The symbols "<",">","<"and ">" are called order relations or 
inequality symbols. 

Two algebraic expressions joined by an inequality symbol, such as 
7(3x- Y+e <2 - is called an inequality statement or simply 


an inequality. 


x>3 means x can take any value greater than 3. aig 

It cannot be 3. Itis shown'on the number line. ~~ SEM 
-3 -—2 -] 0- J) 23d 

x<J means x can take any value less than or equal to ie | 

This includes J. It is shown on the number lines 


eee 


—3'°22) =] g 





4.3.2 Properties of Inequalities 


“TRICHOTOMY: Consider any two ambos x andl y,on the number line. 
One and only one of the following statements must be true. 


i) x>y (ti) x=y_ _- (iii) x<y " 4 
This i is known as the Law of Trichotomy. . fae 


: : Z , $ ly ct 
iia) 5 - Reet 





EDS UN For any y three, numbers x , y and z, if 
i x>y and y>z, then x>z 


Rae This is known as the Transitive Property of Inequality. 


“Forexample: if x=J0, y=5 and z=2, 


then 10 >5, 5 >2 and 10 >2 


- ADDITIVE: We can add or subtract a positive number from both sides of 


TO ale ee ee 





fs iy tanne an Ah ay, -(€.9.5 >3 and 2> 0), 


an inequality without any change in the inequality sign. For any two 


_ humbers x and y and a positive number ‘a’, 


If x>y° (6.9.5 >3 and 2>0), 
then xta>y+a (e.g.5 +2 > 3+2) 
x-a>y-a (eg.5 - a ee 2) 


ents 


This is also true for, a negative number b; 


4 d8 if -%>y @eg.5 >3 and — Po) 
_.then x+b>y+b (e.g. 5 + (—2) > 3 + (-2) 
x Mpc, b (e.g. 5 —(-2)>3-(2) 


Ns MULTIPLICATIVE: “We can BAlGoNy, and divide both sides of an inequality 
_ by a positive’ number without having to change the inequality sign. 
' For any two numbers x and y, and a third number a> 0, 


i eles @g.2«5 > > 2x3) and oe 


yu! 


This is not true for a Rate! number b: The eden ir relation is. 
reversed hen J ea or divided by a negative pumber. 





4.4. SOLVING LINEAR INEQUALITIES: 


Inequalities are solved in almost the same way as equations. ° 


EXAMPLE-1 


Solve the following inequalities 


@) x4+3<7 (i) “2-15-50 GG 





SOLUTION: 
@) x+3<7 
x+3-3<7-3 (Subtracting 3 from both sides) 
x<4 
(ii) ~2x-1>5 
2x—-1+1>5+1 (Adding | to both sides) 
2x>6 ; 
Sait) (Dividing both sides by 2) ; 
(iii) 6-x>4 a 
6-x-6>4-6 (Subtracting 6 from both sides) - 
iex>is2 ins, Poe 
: SD? (Multiplying both sides by —i ; also change > into <,) 








How to include the points in the’ solution of an inequality? a 





=2i] a Oeelh 
Rig ) 
‘Iti Is convenient to represent the solution o 










EXAMPLE-2_ 


Solve the inequality: a> “(@-1) 
sownon: £x>2(-1) 
ies '4 
i 1 
12x=x>I2x—(«-1 
ORE alae 


4x>3(e-1) 


4x > 3x-3 
ae) 
x>—3 
-4 3-2-1 0 | 
a Fig (i) 


The solution is shown by the number line in fig (ii). 


EXAMPLE- 3 
"Solve the inequality x- eso x 







Syfeaie oy 
cn wee 


Fimaicueswomoums 
EXAMPLE-4 


Solve and graph = 4$8>642% 
2 


IR S6 1 
2 





sownion: = 


4x—3 3 


6x +6%8>6x6 +6 x= 





8x -6 +48 >364+9x 
8x+42>364+9x 
8x —9x+42>36 





—x > 36-42 
—x >-6 
x<6 
 +-——9 
0, omer 
Fig (tv) 


The solution is shown by the number line in fig (iv) - 


Remember that: . 


Most inequalities are written in ‘algebra. inequalities are. solved 
‘in a very similar way to equations. This means we can: 


HS ae a7 


e Add the same number to both sides of an ineapality: ee 


e Subtract the same number from both: sides neat f wa 


Fe Tat a: Asie 


inequality. ais = es 


e Multiply or divide 
‘positive number. 








EXERCISE — 4.2 





Solve: 
* |x-3| = 4 
be [xt1]=5 |2x—-3] = 5 
eae [3x+4| =9 . -3-2)<2x+1  - 
hl 3(x+5)>2(e+2)+8 . oH “gs <(2-x)>23-3)+5 
x-2, 2 x-4 
—— + =< ——_ 
Api 3,5. 6 


xt+l° x+3_ x41 


fe ee 


Ae. iene ie 


a? 1 1 
— x > [+— 
s as x ee 


: 4 4x 
15. =(2 +3)210— — 
eee ) 2. 


i An equation that can be written in the form ax + be 0,a# 0, 
“where | a and b are constants and x is variable i is called: 
Ke (a) fines ee (0) inequality 
‘ @ | solution. 2). (d) -constant 


fo) “inequality. : 
iy ‘variable 





For each number ‘x’ the absolute valve of xi is denoted by: 
(a) x ay (b) x 
() bl Oe am 


The symbol 2 stands for: 


(a) greater than ; (b) greater than and equal to 
(c) less than or equal to (@) equal to : : 


14 


The symbol < stands for: . amnesia ieee 
(a) less than . (b) greater than and equal to 
(c) less than or equal to (4) equal to 

Solution of |x — 3] =Sis:* Sods 

(a) (8,2) £83 

() 8,2) () (82) 

Solution of |x| = 3 is: $nender 

a) 3 , 53 + Os sdisienes 

(c) +3 @) 0 

Solution of |x—J|=4is: ~ ni,  Notwos waa s omemMee: EE 
(a) £5, -3} vethals 1 (igeRc-spSCldigt Sit a Tetslie aie 
(6) 5,3} () 53 | 


Ste, Se cle 


Fill in the blanks with ‘> 1 op ‘<! "emake atthe statement cored SES wha | 3 
If 15 > 10 and 10 > p, then 15 p. ‘ 


If -3>xandx> y, then—3 y. 
i 720 Sy wt ani alan “sage t 


“If a<60and60<6,thena__b. 


2 ph rae adi 
Ifxt+] = y, then x.y x edith 

Ifm-2=n,thenm____m 
Ifx>y, then 4x —— 4y. ad . y & tS tay at a 
‘ (ce by Atty Ry Be 


If > ments — 
x> Yj, oe 
















ee eT 








-3 -3 
<O,thenp_ sO. 
-3)u pat ()) 
-0. 
SUMMARY 


gS SDS Ags SEES TER Tabet STEER 


‘Linear Equation: An equation that can be written in the form ax + b= 0, 
a0 where a and b are constants and x is a variable, is called a linear 
equation in one variable. 


Solution of a Linear equation: Any value of the variable, which makes 


_|_ the equation a true SEMIN is called the solution of a linear 


equation. 


; Absolute Valve: For each real number ‘x’ the absolute value of x, 
denoted by |x|, is defined by: 3 BU 
|Ix|=4 OQ if x=0 
—x, if x<0 


Me bi'inesr Inequalities: Two algebraic expressions joined by an inequality 
symbol such as >,<,<,> is called an inequality. 


"_‘Trichiotomy Property: If x,yeRheneitherx>yorx=y.orx<y. 


Transitive Property: Ifx, y,zeR,thenx>yandy>z > x>z. 


| ddit ye Property: Va, Dh ceR. Ifa>b, thena+e>b+c 
ee anda-c>b-c. 


cat tive Property Va,b,ceRLeta>b. Then ac > beif c > 0 
; and at <beife <0. 





' ie 


{} 


mip 





UNIT 


QUADRATIC EQUATIONS 





> Quadratic Equation 
> Solution of Quadratic Equation 
> Quadratic Formula 


After completion of this unit, the students will be able to: 


» define quadratic equation. 

>» solve a quadratic equation in one variable by 
e Factorization. 
e Completing Square. 


» use method of completing square to derive quadratic formula: 
> use quadratic formula to solve quadratic equations. 
» solve simple real life problems. 








5.1 QUADRATIC EQUATIONS 


A quadratic equation ir in one VEEL is an Sewell nat can be ee 


in the form: 


“where x is a variable and a,b and c are 5 sal numbers. We refer to this 
form as the standard form of the quadratic equation. 


A quadratic equation is. also a polynomial equation in which the highest 
power of the unknown variable is two. 


5.2 SOLUTION OF A QUADRATIC EQUATION 


We can solve a quadratic equation by the following two methods: 





(i) Factorization’ (ii) Completing the Square (iii) The Quadratic Formula 


5.2.1 Solution of a Quadratic Equation by Factorization 


The general form of a quadratic equation is ax* + bx+c=0, a#0. We 
can solve this equation algebraically to find x by using Null Factor . 


Law. 
If axb=0 then a=0 or b=0 (or both a and b equal zero). 
The Null Factor Law works only for expressions in factor form. 


EXAMPLE-1 Solve 2444-77 =0 
SOLUTION: 2x 44x—-77-=0 
(x-7) (x+11) =0 

x-7=0 or x+11=0 . 






’ Write the equation and check that 
the right hand side equals zero. 
The left hand side is factorized, so 
use the Null Factor Law to find two 
liner equations. 







_ Equations that are not in factor form will need to factorized first before 
_ the Null Factor Law can be applied. 
Remember that the right hand side of the equation must be zero. 













EXAMPLE-2 


Solve 6x’ —19x—7 = 0 using factorization. 
SOLUTION: ' be 
Compare with standard form - 
ax’?+4bx+c =0 , a= 6, bi tO meee 
‘ac = 6(-7) = ~42 
—42 =(-21)2 and -21+2 =-19 =b 
Thus 6x’ —19x-7 = 0 
6x? —2Ix+2x- 7.=0 
3x (2x -7) + 1(2x-7).= 0 
(2x-7) 3x+I=0 _.. 
either 2x-7 =0 .or 3x+1=0 


pal 3 
Solution set ae z a 
39 

EXAMPLE-3 
Solve 2x? = 3x 
SOLUTION: BPS 

6 2x7! 33% S10 011! Q neteen 

X (20-3) SOY ns en ee 


either x =0 or 2x -3 = ae 






3 Bch 
. Note: x= ie aie 8'SOi 


CAETOS ee 









pela 


hy 
ate 


Slang 


f 2 





EXAMPLE-4 ~- 


If x = 3 is a solution of the equation x’ +kx+15 = 0. 
Find the value of ‘k’. Also find the other solution of the 


equation. 
SOLUTION: Substitute x = 3 in x?+kx+15 = 0 
. 37 4+3k+15 =0 
3k+24=0 => k=-8 
Now consider x’ —8&+15 = 0 
15 = (—5)x(-3) and (-5)+(-3) =-8 =b 
x? —5x-3x+15 = 0 
x(«-5)-3(x-5) =0 
 &-3) (&-5) = 0 
Ej Over x-5 =0 
x= 3 OF x=5 


Solution set = {3,5} 


5.2.2 Solution of a Quadratic Equation by Completing 
the Square Method ~ 


- The method of completing the:square is based on the process 
of transforming the standard quadratic equation into the form 





It is important to note that the rule stated above applies only to 
quadratic forms where the coefficients of the second degree 
term is. J. ! 


Important formulas used in completing the square are: 


ii) army = x? +2mx+m? a 





(ii) (a- m)? =x ? _2mx-+m? tye, ert 


EXAMPLE-1 


Solve x? +6x—2 = 0 by completing the square method. 


SOLUTION: x? +6x-2 =0 : 
Pte 242 ad 
x +6x = 2 


x? +6x+(3) = 2+3? 











To complete the square of the 
left side, add the square of one 
_half of the coefficient of x to 
_| each side-of the equation. - 


(<+3) = 
x+3 = +11. 
= -3+ 11 . 
Solution set = 34/11, -3-iT* 
EXAMPLE-2 
Solve (x-3) = 
SOLUTION: (x-3) = 
x? -6x+9 =4 
x? -6x =-5 
x? -6x+(3)) =-5+9 
(@-3P =4 
x=3+2 
either x = 5 
or'x =1 


Solution set ey pa as 
WwW 






















seine > EEE 


Solve Aes 3 = == 2 by completing the > square method. 


ne Sep on 


ee sou 360 etredex? = De: 
’. - fie a 
; 





Sx? — 12+ 12 = x?-2x 
C 3x? so = 12x 42x = - 12 


Pe 10x = =12- 
eri) 


Srey ty 


Fes v—5+(3} - -6+(3) ; H 
2 2 
Aitbaed eo & ratihs oh 





+ 
SIN . 


i} 
= 





either x = 345 = 
sta * re is hoe ¢ 
iets : Dal 
t or vo 372 = — 2 


side eyes Ay 


? 12x = i oes ce the paver method. 








a pet AB 
sa 52 cee 


Solution set = 32 + 93 hs 32 ~ V93 ea 
5/2 PIQP es, = . 


pe 27 23 5) ee 


- EXAMPLE-5 Solve Je eyeing factonisatie ind ke 
by de x+8 3 ae : 








1 1 1 i 
: —-+—— = - 2s 
SOLUTION Puro a 
X+84xX _ 1 a 
x(x+8) 3 aS 4 
1 ; 
3 









x? +8x = Ox+24 » = en ath tot) St 4. 

x7+2x-24=0 ; Ph 

(x +6) (x-4) =0 ¥ thsi 

either x+6=0 or x-4=0 ~ 
x=-6 Of * wd 

"Solution set = {4,-6} o 

tor eds 


EXAMPLE-6 Solve 2x+4=2-7 


SOLUTION: 










2x? + 4x =7-x 
2x? + 5x-7 =0 
(2x+7)(x-1) = 0 


axc = 2x(-7) =—]4 


either 2x+7 =0 > 
io ste! SS 


Solution set.. = Fa} 


EXERCISE — 5.1 








b ‘Using Factorization Method: - 

=) ee 3, x? = 8—7x 

6. co 5. 3x? — 10x +8 = 0 6. 2x? +15x-8 = 0 
3x7 8-3 =0 9. 2x <3 


M1. 2x+3) (2) = 0 


mpleting the Square Method: iP: 
Seas — 6 15..x?-6r-=3 = 0 
Bs 3-0 


: ; “ ut = ‘ ae 
Pe 9827 - 6 +3.= 0 | 








5.3 THE QUADRATIC FORMULA 


Quadratic formula is one of the techniques to solve a quadratic 


equation. Usually this formula is used when the factorization j is not 
possible or seems to be too difficult. 


5.3.1 Derivation of Quadratic Formula 


The general form of a quadratic equation is 


ee 


aed 





where a,b,c are real numbers. 


Now, we use the method of completing the square to derive a forge 
for the solution of all quadratic equations, | 





2 
Add the square of one- -half cf the coefficient of x, which is (> b >) , to 
each side to complete the square of the left side. 2a 


a We (2) - ib Bee ( a b? —4ac. 
2 Se, 9a | Bee — 5 > x+— = 5 
a 2a 4a? a . 2a 4a 





b We | 


x+— = 
2a 2a 


b . vb? -—4ac 
2a 


2a 





The last equation is called the quadratic formula. 
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EXAMPLE-1 


ie * SOLUTION: 


\ 


Here a=2- 
b=-4 
OSs) 


We have , 


ee 


x 


— me 







x 


° 


1 set 


2x+— =x 
2 


4x+3 = 


2x? —4x-3 = 





Solve m5 = x’ by using the quadratic formula. 


2 





Dissolve the fractions by multiplying 2 | 
on both sides and write the equation 
in standard form. 






2x? 





0 


b+vb? —4ac 


2a 


2(2) 
4+V16+24  4+/40 


4 4 


4+2J10 
4 x} 


2+ 10 
aa 





(ee aio 


2 2 


AORTA 200) LS" 


- 
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a 















EXAMPLE-2_ | ae ae 
Solve 4x’?+3x-2=0 by bang the (enestett formule. 


SOLUTION: = 4x’ +3x-2 =0 
- Here a=4,b=3,c=-2 


: 
We have x = DOEND = 4ac 
i 2a ; 3 ¥ fie 

24) 

= -~3+J9+32 
8 ; Aa 
-3+V41 ee oh 
5 f 


il = +V4l -3 = a} 


8 ‘ 8 


/ 


Solution set 


EXAMPLE-3 : a | 
Solve 9x? —42x+49 = 0. by using the quadratic formula. 
SOLUTION: . 9x* —42x +49 = Onva 5 ae: 2 
Here a=.9), b = Cenes | 


ce -—b+b? —4ac yang 


_ We have 





EXAMPLE-4 


Solve (x +5)? +(2x-1) -67 = (x+5) (2x-1) 
by using quadratic formula. 


SOLUTION: (+5)? +(2x— 1)? 67 = (e+5) (2x1) 


x? + 10x + 254+4x? —4x+1-67 = 2x? +]0x—x-5 
5x? +6x—41 = 2x7 49x-5 


_ 3x? -3x-36.=0° 


ee. 0)” Divide by ‘3’ 


Here a=1,b=-1,c=-12 


Wehave,  , - ~+vb* ~4ac 
2a 


- Therefore pee (1) —4(1) (12) V(=I)* = 40)(-12) 
STO. SE} ix 2(1) 





\é 
WS 
- 


1+ V1+48 














EXAMPLE-5S 
x- x= 4 A : 
Solve ro by using quadratic formula. 
x-jJ  x-4 
SOLUTION: x ao 


3(x—5) = 2x(x—4) 
3x-15 = 2x* —8&& 


2x? -II1x+15 =0 





ere a=2 bons 
We have x= =b+vb" -4ac Vb? — 4ac 
2a : 
_ ~(-1)t V(-U? -4@) 05) 
2(2) z 
. _ UtV121-120 
4 < 


| ENS 








45 awe 
11+1 i Lal 
= or x =—— 
4 4 
ga. 26, ee 
4 4 A 
5 
83 or == 
x x 2 
. P) ; 
Solution set  =43,= : 
2 ie AS 


ns Sua A 
. \. a7 
a se se 
~ ei > 4 
Ameo omens bag lagen 














_F XERCISE — 5.2 


6M 





“Solve Using quadratic formula: 
aaa Sx+ 6=0 


Ss C= 4) = (ts-3) ee | 
©. 3.-3x74x-2 =0 


CRRA se = 15 





Se ay a+3)-12 - 0 


& 30r+7)-30+7) =0 


ea Binde where x #—4,—6 : 
x+6 - : 





ale 


— = —— anor #1,2, 
2 oo | re x 1,2,3 


5.3.3 Problems Involving Quadratic Equations 


EXAMPLE-1. 


Find two consecutive positive odd numbers such that 
_ the sum of their squares is equal to 130. - 


SOLUTION: Let one odd number be x and the other number be 
(x + 2) 


x? +(x+2)? = 130 
x? +x? 44x44 = 130 
2x? + 4x 126 10 


x? +2x-63 =0 Dividing by :2° | . 





x? + 9x-7x-63 =0 ~~ 
x(x +9)-7(x+9) = 0 
(x+9) x-7) =0 


x+9=0 Or x-7=0 





x = — 9 (Ol xe 
x = —9 is not a solution, because it is a negative number. — 


When x =7 
x+2=7+2=9. “0 i Sm 
-. The two consecutive positive odd numbers are 7 and 9. : 








—EXAMPLE-2 oe 








me ees. ; 
ee: 1; __. The perimeter of a rectangle is 22cm and its area is 
|  ——. ~——s24em. Calculate the length and breadth of the rectangle. 
1 by Z s ; - u B a 
_ SOLUTION: Let the length of the rectangle = x cm. 
Perimeter of rectangle = 2(length + breadth) 
22 = 2(x + breadth) 

‘The breadth of the rectangle = aoe 


= (11-—x)cm 


"Area of the rectangle = x(11—x) 








24 = IIx - x’ 
x? -IIx+24 =0 
hse lara ere =i 


ash x= 8 


SSIES OLS Supic 


8, breadth 


emer tS 


ais. — 


~~ 








EXAMPLE-3 


A man is now 5 times as old as his son. 


Four years ago, the product of their pages was 52. 


Find their present ages. 


SOLUTION: Let the boy be x years old now. 
Then his father is 5x years old. 


4 years ago, their ages were (x — 4) and (5x — 4). - 


respectively. 

By the given condition (x-4) (5x-4) = 52 
5x? —24x+16 = 52 
5x’ — 24x-36 =0 

5x’ — 30x + 6x-36 =0 

5x (x-6) + 6(x—6) = 0 

(5x+6) x-6) =0 

either 5x+6=0 or x-6=0 


= x t=" vipat 
8) 


Since the boy cannot be -¢ years old. Thus x = 6 


Son’s present age = 6 years 
Father's present age = 30 years 


EXAMPLE-4 
Find two consecutive positive numbers such that ine 


sum of their squares is equal to 113. 


SOLUTION: Let x, x + 1 be two consecutive positive numbers. _ 


By given condition Y+@+1P = 113 
x +x74+2x+] = 113, 

2x’ +2x-112 = 0 

x7 +x-56 =0 

+8) («-7) =0 
Pea oO or x-7=0 


= —G.0l tad 

x+1=7+1=8 

.. Required numbers are 7 and 8 
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EXERCISE — 5.3 


- 


T e difference of two numbers is 9 and the product of the numbers is 
as 162. A ind the numbers. 








e base and height of a triangle are (x + 3)cm and (2x — 5)cm 
spectively. If the area of the triangle is 20cm’, find x. 


7 


; rimeter and area of a rectangle are 22cm and 30cm? respectively 
etength and breadth of the rectangle. 


Review Exercise-5 


Encircle the Correct Answer. 


; A quadratic equation has a degree: 

(a) 2 () 1 (6) zero 3 
. A linear equation in one variable is of degree: 

(2 () 1 (0) zero 3 
. Factorization of 2x? = 3x is: 

(a) 0 (b) x(x — 3) 

() 2x? 3x @ 3x - 2x7 


. Solution set of («— 2)? =4 is: \ 
() 04 | 0) 62 og 
() (6-2 . . ) {2,6 ius 
. The number of techniques to solve a quadratic equation is: 
(a) 1 (o) 2 () 3 (eo 


. Solution of x? —5x+6 =0 is: a 
(a) {3} (b) {2} (c) {2,3} @ (2-3 7 


. Solution of x? -9 =0 is: . ae 
(a) {9} () {+9} () {43}  ~ @ 


Factorization ofx*-J6 is: © i — : 
() @-2) +2) 0) @-DE+DE- 
20 (-2Det+I~7+4. eee sobeled gloweae TY 
aT ot GA nen itvi-60 hig 
Solution of x? =1 is: : 5.6») Sesnew SIRI ey 
@ (0). (el oO Oy citeypa ota 2 


pale falda, "legate 
. 1m x? +2x+1=0has the solution: am - 


@) C=) (-H 





mii omy } 7 













Ih Fill in the blanks. 


An equation of degree 2 in one ‘Variable i is called a 
equation. 


b+Vb? —4ac 


2a 


is called a 


of 2x? — 3x is: 
5(x-1)’ =4 is: 
chniques to solve a quadratic equation 


sompleting the square method cannot be 
.is used to solve a quadratic equation. 


SUMMARY 


Quadratic Equation: A quadratic pguation | in one. variable is an equation 


that can be written in the form ax’ +bx+c=0, where a#0. Here x’ is 
_ a variable, whereas a, b and c are real numbers. 


f Solution of quadratic Equation: We can solve a quadratic equation by 
i i) factorization (ii) completing the square method. 


SE —4ac 










UNIT 


MATRICES AND DETERMINANTS - 





Introduction to Matrices 
Types of Matrices 


Addition and Subtraction of Matrices 
Multiplication of Matrices - 


Multiplicative Inverse of a Matrix 
Solution of Simultaneous Linear Equations 


VvVvVvVvvvvyv 


After completion of this unit, the students will be able to: 


> define 
e Amatrix with real entries and relate its rectangular layout (formation) with real life. 


e Rows and columns of a matrix. e The order of matrix. ¢ Equality of two matrices, 

> define and identify row matrix, column matrix, rectangular matrix, square matrix, 
zero/null matrix, identity matrix, scalar matrix, diagonal matrix, transpose of a matrix, 
symmetric and skew-symmetric matrices. : 

> know whether the given matrices are conformable for addition/subtraction. 

> add and subtract matrices. 

> multiply a matrix by a real number. 

> verify commutative and associative laws under addition. 

> define additive identity of a matrix. 

> find additive inverse of a matrix. 


> know whether the given matrices are conformable for multiplication. 

> multiplication of two (or three) matrices. , ; 

> verify associative law under multiplication. 

> verify distributive laws. ~ sae 

> show with an example that commutative law under multiplication 
does not hold in general(i.e., AB # BA). : 

> define multiplicative identity of a matrix. 

» verify the result (AB) = 8 4’. 

> define the determinant of a square matrix. 


> evaluate determinant ofa matrix. __ 
> define singular and non-singular matrices. 


> define adjoint of a matrix. eee IS 

> find multiplicative inverse of a non-singular matrix A and verify that AA =J=A A, 
where J is the identity matrix. ; 

> use adjoint method to calculate inverse of a non-singular matrix. 

> verify the result (48) = BA”. 


> solve a system of two linear equations and related real life problems in two unknown using. 


¢ Matrix inversion method, « Cramer’s rule. 





6.1 INTRODUCTION 


In this chapter we will introduce a new mathematical form, called a 
matrix, that will enable us to represent a number of different quantities 
asa singic unit. 


. The idea of matrices was introduced by a famous mathematician 
Arther Cayley in 1857. Matrices are widely used i in both the physical 
and the social sciences. 


A matrix is a square or a rectangular array of numbers written within 
square brackets or parentheses in a definite order, in rows and 
columns. 


Generally, the matrices (plural of the matrix) are denoted by capital letters 
VAM Crsescsssseeers etc. while the elements of a matrix are denoted by 
small letters a, b, c..........+4- and numbers J, 2, 3...........+++ For example: 





Look at another example: 


A company that manufactures shirts makes a standard model 
and a competition model. The labour (in hours) required for 
each model is conveniently represented by the 2x 3 matrix. 


Packaging and 
i Fabricating Finishing © fanchan: 
; 5 I 0.2 c 
‘ ae . Standard Shirts 
[ 2 0.2 


The weekly production can be See csaniod By the row matrix 


Galore Competition 
Shirts 
~ 10) 
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Each matrix consists of horizontally and vertically arranged elements. 


ee iA ain Bo 

. = or ed 

ce JE omen 
ashe 


Vertically arranged elements. 


Rows: Horizontally arranged elements are said to form rows. 


Columns: Vertically arranged elements are said to form columns. 





The number of rows and columns in matrices may be equal or 
different. However, the number of elements in different rows are 
same and similar is the case in the columns of a matrix that remains 
the same. ; : 


Generally, rows and columns are denoted by R and C respectively. 
For example: 


Column 1 Column 2 
or or 
C; 


o 28 <a 


aS 
i] 
Sa 


coos or R, 


d|<——Row2 or R, 


~ Matrix 4 has two, rows and two columns whereas a, 5, c, d are its - 
elements. The number of rows and the number of columns are 
denoted by m and n respectively. 


In the above example m = 2 and n=2 
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MATRICES AND DETERMINANT 





Order of a Matrix:- 
Ifa matrix A has ‘m’ number of rows and ‘n’ number of columns, 
then order of the matrix 4 is mxn (read as “m—by-n matrix”) 
EXAMPLE-1 Find the order of P=[ 3 ] 


SOLUTION: Matrix P has only one row and one column. 
So order of P is 1x1 matrix. 


EXAMPLE-2 Find the order ofQ=[4 7] 


SOLUTION: Matrix O has one row and two columns. 
So order of Q is 1x2 matrix. 


-EXAMPLE-3 Find the order of R = ; ; 


SOLUTION: In matrix R, the number of rows is two i.e m = 2 
} ; j and the number of columns is two i.e n= 2. 
The order of R is 2x2 matrix. 


EXAMPLE-4 Find the order of A= 


SOLUTION: In matrix A, the number of rows is three i.e m = 3 


and the number of columns is three, i.e n = 3. 
The order of A is3x3 matrix. 








AND DETERMINANTS 


Equal Matrices:- 


Two matrices 4 and B are said to be equal if and only if they have the 
same order and their corresponding elements are equal. 


Their equality is denoted by 4A = B. Sie 
For example: ly ‘| = |: i ont v 
y Zz c d y=c 
z=d 

EXAMPLE 


Which of the following matrices are equal and which of them 
are not equal ? 


4 
L592 = = 
4-| J a-P? z : 


a 4 3) xe, 6 
Leesa, 
1 3m, 2 
G=|' 3|, pal2 7 ose eee 
Abe baat lee ie |S) Se 
4. a5 a 
|:2x2 2 — 
Tate 7, 2 
F= 
AG 


SOLUTION: Matrix B, can be written as 


4 
3-2 — I 2 
B= 2 -|; Ae 
3) AY | Bs 


' (i) Order of A and B is same 2 by2, and corresponding elements 

are equal, so A=B. 

(ii) Order of A, B and Cis same 2 by2, but corresponding 
elements are not equal, so A=B#C. 

(tii) Matrix E can be written as: 
Order of D and E is same, i.e 
3by3 and corresponding 
elements are equal, 
soD=E. 2x22 — 


’ (iv) Order of the matrix Fis 2by3 , soF #DandE#F. 








_ MATRICES AND DETERMINANTS 





} pee | F XERCISE - 6.1 


With the help of the given matrices answer the questions from I to 3. 
. 3 


2 =2 —-3 -2 
ate B= eC: =) |.—/ |||, 


Se eran 


332.0 -3 4 
+e Pero mOmioaiek —|(-3 2 0), F=| 0 5 
ade — 2° 2 : 3 -1 


- Whatare the orders of matrices A,C and F? 


¥ 
— 


ae _.What are the orders of matrices B,D and E? 
3- What element is in the second row and third column of matrix D? 


4- Whichofthe following matrices are equal and which of them are not? 


“421d, 2-0) 2). c-[5],0- [2+ 


: E= he = [5 Aiea 3 = 
phi 8+] ee, 6 8 
ocala Gail howe ae) 


0 3 I 
H= 4 -| | | 
z # 167 \° 
Be (6) e7, 6 %, 


AW) 









Wits 25 a3 2 lems 
03 4)L=|03 4), 
44+2 3 2 6 3 







5 at gp eS 
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6.2 TYPES OF MATRICES 


(I) Row Matrix:- 
A matrix with only one row is called a row matrix. 








[1 2] is of order/x2. ‘h 


For example: 4 


B=[2 3 4] is of ordersx3. 


(Il) Column Matrix:- 
A matrix with only one column is called a column matrix. 


if) 
For example: C = H is of order2x/. 


3 


2| is of order3x/J. 
7 


S 
I 


(Ill) Rectangular Matrix:- 


If in a matrix, the number of rows and the number of columns are 
not equal, then the matrix is called a rectangular matrix. 


3 
Forexample: 4=[2 5], B= | , 
L eT, 
C= 
3°44 75 
are rectangular matrices of order/x 2, 2x] and 2x3 respectively. 


(IV) Square Matrix:- 


If a matrix has equal number of rows and columns, it is called a 
square matrix. - 


2 


For example: 
= E 1 


la as 
| Q=|2 4:6 
Re? 


are square matrices of order 2x2 and 3x 3 respectively. 
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(V) Zero or Null Matrix:- 


If all the elements in a matrix are zeros, it is called a zero matrix or 
null matrix. A null matrix is denoted by the letter O. 


» For example: © = [0] is of order /x/. 


=[0 0] _ is of order/x2. 


Q)= Gpst0 is of order 2x2. 
0 0 


ORO 0 
O=)|0 0O 0| is of order 3x3. 
OmOmn 0, 


(vl) Diagonal Matrix:- 


A square matrix in which all the elements except at least the one 
element in the diagonal are zeros is called a diagonal matrix. 
Some elements of the diagonal in a matrix may be zero but not all. 


' li Oma, 
For example: A= ey = (Fae C= |(0 een) 
eine a= |i) 4 |.” ~ NO! ST - 

0 0 3 


are all diagonal matrices. 


“d 


ans Scalar Matrix:- 
A diagonal matrix having equal elements is called a scalar matrix. 


are scalar matrices. 


a a) 
ARS SO 





matrix having each element equal to / is called a unit or 
x. Identity or unit matrix is generally denoted by /. 
= 134 


For example: AO 


I=( =f ‘ 





are identity matrices of different orders. 


(IX) Transpose of a Matrix:- 
if A is a matrix of order (mxn) , then a matrix (nxm) obtained by 
interchanging the rows and columns of 4 is called the transpose of A. 
It is denoted by 4’. 


: b 
For example: _ E | thor aa s | 
Chand. b d 








If A'and B'are transposes of 4 and B respectively, and if k is 
scalar. Then: 


(Quit ja—eA (b) (kA) = kA! 
(d) (ABY = BIA 






(c) (A+B) = A'+B' 





(X) Symmetric Matrix:- A square matrix 4 is called symmetric if 4’ = A 


For example: a-(? / and A’ =| / 
q Ta 


(le Ve 
Since A’ = A 
A is symmetric matrix. 
=) 3 I =2 3 
B J —7) 0 Bi = —2 0 4 
3 2 5 ae 7? 


Since B’ = B . 
Matrix B is symmetric. 
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MATRICES AND DETERMINAN 
an a It 


(XI) Skew-Symmetric Matrix:- 
Asquare matrix Ais called skew symmetric (or anti-symmetric) if 4‘ =—,. 


= ‘ vy sa 
For example: 


is skew symmetric. 








_E-XERCISE — 6.2 


I- Identify row matrices, column matrices, square matrices, and 
rectangular matrices in the following matrices. 


4=B 11 ae =|"3” eee 3 \>=|7 “t 


Dn 6 bt+y ii 3 
| Q a ear og 
z=|% P= Dan se =| 3 5} = 00 
Tet5140 


‘2- ‘Identify, diagonal matrices, scalar matrices, identity matrices. 


SoS ™ 
SS 
~~ O& OS 





\ND DETERMINANTS 


Find transpose of the following matrices. 


7 34 
a7) 4 


In| 


=35 
—194 


Identify all row matrices, if: 


A=([3 4 


D 


8) 


8 


I 
2), =| 


3 


be 


3 


4 6 
7 3 


Identify all column matrices, if: 


2 


3 
J 


7- Identify all 3x 3 square matrices, if: 


a -b 
Cid 


2 
B= \4lene 
7 


} 


D 


to m nj 
=|P qr 
abe 


5|+ o= tpi wes 











6.3 ADDITION AND SUBTRACTION OF MATRICES 





Two matrices 4 and B are said to be conformable for addition 4+2, if 
they are of the same order and their.sum is obtained by adding their 


corresponding elements. 


Order of matrix 4+8 will be the same as the order of matrices A and B. 


6.3.1 Add and Subiract Matrices 


Addition of Matrices: 


When two matrices are conformable for addition, we find addition BY 


adding their corresponding elements. 


For example: 
0 " ‘| +(¢ Ee | 
Z cd yte ztd 
o =} Oy a 5 3 -2 2 3-1 
(i) it = 
+ 2 -4 —20 5 3 A Al 


Ii 2, 4 3 -2 -5 


3+(—l) 4+(—3) 7+(-2) 2 
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G23 4-5 2 1 
| Bea Alen|iain 3. —2 

eae D+ (<2) 44(=5) A Weil 
a S = Bee Sch S+1 =|-3 -1 6 
i : 3 





EXAMPLE-1 /f A= 


| 
SOLUTION: | A-B = E ‘\- : : 
| 


ging l—a@ -x=2 
y eo meene 
EXAMPLE-2 287. 98 TS sli 
IfA=|-I1 3 4) and B=) 2 T 6) then find A-B 
one =f 8 
Bans 
SOLUTION. © A-B=|-1 3 oe 
0.4°2))| |S yeisms 
2 F—3 3-5 
=|-7—2 Ser 4-6 
0-(-))) 4=8 ea 
L V4 | 
A-B= —3) 2 —2 


lips 4 go 
EXAMPLE-3 Add the matrices A,B and C where 


4-[? 7) oe|" ieee 


SOLUTION: | Since A, B and C matrices have the same order, 
so they are conformable for addition 


4+3+¢= (2 |e es ei 
= 3 4 -2 5 -4 I 
_|2t1t+2 "1ts5G 
7329-7 4+5+1 


Ber 


=, 
eri 





_ EXAMPLE-4 
Subtract matrix B from matrix A. 


2 40 7 Hl =) AZ 
A=|I 3 -2}, B=|2 4 -6 
4m 16) 3 6 =I 


SOLUTION: Since A and B have the same order, so 
they are conformable for subtraction. 


24 7 Il = 


ABN 3 =2\\—|2 4 —6 
5° 6) 1a 
Dein 445 2 
Tee 3—4< \=2+6 
4-3 - 5-6 6+ 

=O OS 

A-B.=|-1 -1 4 

Hime Tp 27 

A Scalar Multiplication 


Any element from the set of real numbers is also called a scalar. 
_ We define the product of a matrix 4 and a scalar k, denoted by kA, 


to be the matrix formed by multiplying each element of Axk. 









JETERMINANTS 


63.2 . Laws of Addition of Matrices 


Commutative Law: 
For any two matrices 4 and B of the same order 


This law is called commutative law of matrices with respect to addition. 


EXAMPLE-1 


Es 
If A= and B= fae 
45 -6 1 
then show thatA+B = B+A. 


SOLUTION: Matrices A,B have same order, so they are 
conformable for addition. 


Ji s} 42 14+4. 34+2 
A+Be= + = 
4 5 -6 1 4-6 S+l1 


‘ 
il 
‘ 


A+B= 

4 13 4+1 243 
6 -64+4 14+5 
5 

—2 6 
Thus A+B=B+A 


[. 
B+A= E 
‘| 


Associative Law: 


For three matrices 4, B and C of same order, 





This law is called associative law of matrices with respect to addition. 
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SS SS SL See 








0 5 0 2 -5 -4 
then verify the associative law of matrices with respect 
to addition. 


| eee me ai2| 8 [4s 0] \eo[-2: 3 
SL aia alle ll. =f —4 


hes 


aes): . 5 
: EXAMPLE na’ Al 2=|% al c =| 1 


+ ° 
faiec 3) | 7 5 z 
= C | + ks S| = las | escescescceecs (ii) 


From (i) and (ii), we have (4+ B)+C = A+(B+O0) 
6.3.3 Additive identity of Matrices 


In real numbers, zero is the additive identity i.e. the sum of a real 

number and zero is equal to the real number e.g, 5+ 0 = 0+5 = 5. 
a Similarly, a zero matrix O of order m - by - nis called the additive 
___—-_ identity matrix such that 





_ For gael: A zi 







fesretier, At+tO= 5 1] + ‘ dl 
Shase) 
= =A 
A+O [; 1] 


miag Om Olou sees )a-[3 § 
O+A = a Ales il ; | : 
- A so O'is additive identity of matrix A. 


2 













Remember that: The order of ‘4’ and ‘O’is same. - 


6.3.4. Additive Inverse of a Matrix 





If two matrices 4 and B are such that their sum (4 + B) is a zero 
matrix, then 4 and B are called additive inverse of each other. 





Therefore A and B are inverse of each other. 


EXAMPLE 
—] 203 1” Sees 
lf Az=| 2 -4 5], and B =\|\=2 24a: 
=? ei 2° 1°=7 
then 
-l 2 -3 Tp 2 beste 
A+B=| 2 -4 5| + |-2 4 -5|. 
2) ey, 2 1 -7 
=a 222) 3773) memo 
=| 2-2 —4+4 5=5|=|0 0: 0 i 
—2+2. —-I+]1 7-7 0 0 0 
A+B=0O 


A and B are inverse of each other. 
> 143 

















EXERCISE — 6.3. 


234 OTS 
Pei 5 S| B=|2 3 6 
~~ AS a2 
Find (i) A+B — (ii): A-B (iii) B-A 
(iv) 244+3B () 3A-4B (vi) A-2B 


2- Find the additive inverses of the following matrices. 


a(t j2-[2 Jhc-[ 


4 
Ean) 2 
D=|0 3 4),E£=[2 5 -3] 
2 


-I -3 
‘e 23 RW 
3- If A= B= 
RS |; sles [ 7, then show tha 
WO 44-3A =A (ii) 3B-34 = 3(B - A) 


de Findxandyif [ x43 1 aed? 
La Esuesy—4)| © |-3° 2 


1 ae ae 47 Ele <6 
2. ‘ [; sl I; 4 Cc E |e prove that, 


Pere = 8 +A (ii) A+(B+O) = (A+B)+C 


alin2a ik ale. —3 
is and B =|4 y 














7- Find a,b, c,d,e and f'such that 
abec| |3 -2 1) [-1 -2 3 
def 5 | 08-40) = 2 gine 
8- Find w,x,),z such that a 


Mabe | 


: ; b ais 
9- IfA = é ‘| then what is the additive inverse of A? 





r sen ste 
10- Given that 4 = [ j reve A’ ~44+5I =0. .. 





24 319i Pies. 
neta =|) sha=[f |: thenvey that Bf = AB 





as a) 2-7) esses 
wif A = B= |c=|0 2} ; 
12 5 Z| i i i 3 | then show that 


' 2) i= 
A+B-C = 6 
8822 











6.4.1 MULTIPLICATION OF MATRICES 


Two matrices 4 and B are said to be conformable for the product AB, 
if the number of columns in A is equal to the number of rows in B. 





3 es. ; 4| re 












EXAMPLE-1 


y =| a] B k bj 4 
42, 422 | by by, by; 
order of A order of B 
DS 2 
Dex. 3 - 
order of product AB 


The product of 4B shall contain the elements like 


Cc Cc c 
un 12 3 
4a-| where 
oS US GRAINS 


a 


she A Sede ee (Multiplication of the elements of Ist row of A with 
rt MW dW wi" 12 “21 elements of Ist column of B) 

_(Multiplication of the elements of Ist row of A with 

~ elements of 2nd column of B) 


Ne Boi ec sys (Multiplication of the elements of Ist row of A with 
13 MAS 12, 23, ‘elements of 3rd-column of B) 


Cay = Az, By, + Azz by, 





C2 = A, by +Qj2 by, 





C2 = Gz, by + Gz, by 






03 = Fay yz + Az 5, thus | 


2 ttt awe Sireits ‘at ; 
pew 4, 42 by, by. by; 
Abies fe Oa 
ies eve. £ py Boap\haliezie = 222 1423 
Ay, By, + 222, 841g + Ay dy yg + yz bys 
Dy + 422 Op, Fay yg + p72 by gy. + yy ys 
™ : ‘ i 








ND DETERMINANTS, 





EXAMPLE-2 
Ace and Bait fi 
= 5 en find AB. 


SOLUTION: order of A = 2x2 
order of B = 2x] 
order of AB = 2x] 
Because number of columns in A = number of rows:in B = 2 


real. 2 2) _[5x2+ 2x3] [10+6 16 
13, 4113 © 1322 % 43H oeereal emai 
Result: 


If 4 is a square matrix then 42 = 4A 
A? = AAA = AA’ = AA 
Finally A” = A.A.A..... n times. 


"Remember that: 


For multiplication 4B of ae matrices “ and B the following points 
should be kept in mind. - 


i) The number of columns in 4 = wae of rows in B.. 
(ii) The product of matrices A and B is denoted Beveune or ABy 


(iii) \f A is a mx p matrix and Bis a pxn matrix men 
a8 is mxn matrix. 





6.4.3 Assédotive Low of Matrices with iii 
to Multiplication 


If three matrices A , B and C are conformable for multiplication, then 


ABC) = (AB)C - Tied 





a 




















~ EXAMPLE 


af 2m Geel 71.8 Ses [4 2 
=a , B= and C= 
taal [afore c-[5 7] 

then verify associative law under multiplication. 


‘SOLUTION: 


ew Bes i Demin 1t4 2 
. A i= ay te : 
ewe IE SE 
; es i/o a 
R53 2x4 + 3x3 2x2 + 3x1 


Finger getigipy 
|/8+9 4+3 


Kis) Gi * ; : : 
2x7 41x17 2x3 + 1x7] _[14+17 647 
a One Wee 7 |3x7 41x17 3x341x71~ 21317 947 
<a ag aes ipAnrnits ; 


409 - [31 ‘ ‘asa 


38 16 


© — 


TE DE 3 


OL Bie THA oie 1) Sis 4 


2x1 + 1x3][4 2 
Sex 33 7) 


te? Biliginnace tolls 





fs 
ABC = +2 2+3\|14 2 
3+2 3+3)|3 1 


“Ls olla 


= ee ee Bee a 


5x4.4 6x3 5x2+4+ 6x] 20+18 10+6 
31 13 z 

(AB) C =|) (een peeee ii 

(AB) sata (ii) 


From equation (i) and (ii) ,. A(BC) = (AB)C 
Associative law holds in multiplication of matrices. 
6.4.4 Distributive Laws 


If the matrices A, B and C are conformable for addition and ~ 
multiplication, then 


(i) A(B+C) = AB+AC (left distributive law for matrices): 


(ii) (A+B) C = AC+ BC (right distributive Ti aa iairiene 


(@) and @ are called distributive lowe: : 
EXAMPLE Ha ea) 
4 3 2 3] Pee) e 
— = id C = : 
It A |; | -2-L7 ale Be ae 
then verify left and right distributive laws. ee 
SOLUTION: @ Left distributive law A(B + C) = AB+ AC 


necn [24 lel le 
FO Vgena)'| a 6 a 


a ia 














Dae 3 4 
3 2+6 


a+c-| 
AB SE al 
' ider A(B+C) = 
: Consider (B+O) [ A | 


2+4 -2+8 


oe ue 3)\ (02 
ie AB+AC = 
Consider _ EEA y /l lee i 


(8-3 12-6 f 
(4-2. 6-4), 


le es 
15 a 


eee i. 


A 


=44+9 
-2+6 


| 


3 
2 


Is 


—16+18 
— 8+12 


4 
6 


| 


| 





(ii) Right distributive law (A + B)C = AC+BC - 


wo-[fIh[3 S]eleeg 


6 6||-1 -4 
Consider (A+ B)C = : 
on (A+B) |! mf | 


= -6+18 ~ 24+ 36 
~ |-140 440 


Consider AC+BC = 43)! leat x 2) 23 Sea 


7449-16418) | ~24+9. -8418 
—2+6*- —8+12 1=6 e412 


ay 


From equations (i) and (ii) 9 + acinar’, * 
(A +B) C = AC+ BC. 188 ; 


151 


x 


Lear pib ate 


wa 


ami iiien | 


eee 





H is Be 645 Commutative Law 


Commutative law does not roel in multiplication of matrices in general 
Le. AB#BA 


EXAMPLE-1 4 = era esa veri 
3 9/2 =| 4 2| Very 4B x Ba. 


SOLUTION: Given matrices A and B are conformable for 
multiplication AB and BA. 


mum! 3 
_ Consider 43 =| it 


eee Seon pean aoe 


3 -2}| 4 2 
4 
Mi ete Og S124, 
: zl; oA 
| aa ye ee aeerale 
| ¢: AR = te, eed i) 


Consider A E ; 








EXAMPLE-2 


fab ‘ 
if a-(* At then verify 1,4 = AI, = A 


SOLUTION: 


Consider I, -|5 E 4 
0 I|\ic -d 


< Ixa+0xc Ixb + Oxd 
i Oxa+I1xc Oxb +: Ixd 


b\|l 0 
Consider AI, = |: E ] 
c 


ax] + bx0 ax0 +bxI 
cxl + dx0 cx0 + dx 


Alp = Aa ee 
From equations (i) and (ii) 
LA= Al, =A 


Pen 153 
TE he 









6.4.7 Theorem 
(AB)' = B' A’ where Aand Bare two matrices. 







EXAMPLE 
Paes -1 3 

. = = , th 
If A ; =| and B E en 
{ show that (AB) = B'A’ 
| — SOWTION; > ae 
| ot Cerec Oe a -|; AE 
i _[ 2286 Es 
fo T[-I=4 342 
ie ’ 
uh 4 9 
i S -| 5 i 
ih A 
betes 
if 
fe 459) [4 -5 
LHS = (AB) = | 3| SSS eee 
| (ABy <5 pil eee, i) 
im raw -1 2 
. A = , ft = : 
be now =| he -[5 7] 
J SP h 
| 


RE Consider RHS = p4e-|?7||2 / 
ier os: , Seedesa ils <2 


_[-2+6 -1-4 
Sal (5285) B=! 











_ EXERCISE — 6.4 


In Problems 1 to 8 Verify Each Statement, Using 2 i 1 aa fa 


we S 3) a=] 


1, (AB)C = A(BO) 
3. A(B+C) = AB+ AC 
5. (B+C)(B-C) # B? -C’ 


7. BI=B 


Find the Matrix Products. 


a [2 si); 5 


. & BC¥CB 


=2 4h 4g" Saupe Be 


thy DiS 


a de “fe [omen I 


2. AB# BA 

supe 8 eh 
10. GF heaeepe | 

4, @+0A= ect 
: moteh bap 


& (JO ie -cF 







Semi aya tren kh 











6.5 MULTIPLICATIVE INVERSE OF A MATRIX 


6.5.1 - Determinant Function - 


Inthis section, we are going to define a new function, called a determinant 
of a square matrix. Its domain is the set of all square matrices with real 
elements, and its range is the set of all real numbers. 5 


IfAisa square matrix, then det A or |A| read “The determinant of A” 
_ is used to denote the unique real number. 


_ The determinant of a matrix of order 2 is defined as follows. 





6.5.2 Evaluate Determinant of a Matrix 


EXAMPLE-1 | 

If A = fe Al , then evaluate det A. 

lest 

eager. 2 

Sowrion: Al = L J = (1) x(-4) - (-3)x2 
= 446 = 10 

EXAMPLE-2 


ay ae Fe IfA= [; al then evaluate det A. 


2 i A 
ig UTC = 12-8 = 4 
qi t j 





2 


= 20-20 =0. 





6.5.3 Singular and Non-Singulat Matrices 


Singular Matrix: 


A square matrix A is called a singular matrix. If det A =.0 


EXAMPLE 
12 6 : 
a 
ro 
12 6 
det A -| 3) = 36-36 





det A = 0. Hence matrix A is singular. 


Non-Singular Matrix: 
. A square matrix A is called non-singular matrix, if det 4#0. 


EXAMPLE 
it A -|; 4 
6 8 


det “A= | _ 16-30 
‘ 6 8 
det A = —14%0. Hence matrix A is non-singular. oe 
6.5.4 Adjoint of a Matrix: 


‘Let 4 = |e ‘| be a square matrix of order 2x2 Then the matrix | Es 
Cc . 


‘obtained by interchanging the elements of the icons (i.e. a and’ d)- 


and by changing the signs of the other elements 5 and cis called the. 


adjoint of the matrix A. 


187 





fii eg 





| ae . abi i. ohh 
; then adj A =| | HUB GH, 
~~ : = alle 





Look at another example: © naupe 
6 “it 45342 
If a=|% ; then adj P = 


6.5.5 Multiplicative Inverse 


“In the set of real numbers, we know that for each real number a 


ae (except zero) there exists a real number a™' such that aa’ = /. 
| 2 : The number a7 is called the multiplicative inverse of a. 


Hes, ae Similarly, each square matrix A has a multiplicative inverse 4‘ such - 
that 447 = 47/4 = I, provided det A#¥0. 


i ; Multiplicative inverse 4’ of any non-singular matrix 4 is given by 








If A is ‘a singular matrix then the multiplicative 
___ inverse of A does not exist. 







‘matrix Ais denoted by 47. 
matrices have i inverses, 
always unique. 


S- verses. vi © Sninh ro 
PS onions yd Dra 
: af) jo sGioibs 


















EXAMPLE 


4.2 co 
IfA= i: | then verify AA! = A“4 ='J Mes dais ahd Beak 


where I is the identity matrix. 


SOLUTION: ine? ' Ast 2 
A= AS adj 4 =| 
5s 4): _|-5 .4 


4 2 
|A| = 
5 4 
= 16-10 
|A| = 640 
We have 47 =i 


Consider AA”! -il% ‘Als a 
65 4\|-5 4 
_ 1 [16-10 -8+8 | 1[6 0 
~ 6 | 20-20 -10+16| 6|0 6 
BP te 
AA 
01 
AA = ae (i) 
Now ; 
, -7 1 4 Soe 
Consid ae 
onsider A’ A 5 Ee | [ ‘| 
rae i 7 | 1620 8-8 ]_1[6 0) _ TON 
6 | 204.20. “= 1041615 6 Oo) metOmel 
Av ASE en (ii) j E 
From equation 0 one (ii) AA =I = aA. ? “ional i es 
Pt ie ae i sr te 











id ‘h 65.6 é Inverse of a Non-Singular Matrix 











= ilee, | 
| provided, ad —bc +0. 
—Cc a ; 


See : a b 1 d 
all i has the i 
ane matrix |: i] as the inverse 1 | 
EXAMPLE-1 
Tan 3i| ace ce ae ne 
|: then find inverse of matrix A. 


IfA= 

Mi 9 
a-[ i A then adj 4 =| 4 = 
2 14 9 -14 7 


SOLUTION: 


4 


Al = 
LAl es 


| A| = 63-42 = 2140 


sia [ 9-3 
21 |-14 7 


Gg x3 


We know that 4"! = a adj A 


hans 


SS 3p i= 
| PRN 2A 27) 07 
ri a ie2 (4. 
if 3 3 


21 21 







-4 ae bs a 
F a then find 8 a 





|B| = -6-12 = -]840 


1 


We know that B' = 2] 


adj B 


EXAMPLE-3 


3h ee 
If P= E A , then find P™ if possible. 


VUTION.- 
SOLUTION: os! it 
P= , adj P = 
Cae 25s 
9 2 
|P| = 
6 4 
= 3x4=2%6 = 12 IOENG 
Since |P| = 0 . 


The inverse of P is not defined, 
because ; is not defined. 


161 











6.5.7 Verify (as)-'=B7' a" 
We verify this with the help of following example. 


- 


EXAMPLE 


ia IfA = eG 3h ce? _ then verify (AB)! = B'A™ 
; Aol 5 4 


Sit 


| A 
{ Delaliiton 4. 
ve 
| ns ; AB = 12+30 6+24 2 42 30 
ees 6 +5 4+4 13 8 
42 30 
AB\ = = 42x8-—13x30 
| | | lé At x8-13x3 
= 336-390 
= —54#0 


Oe 1 
der L.H.S = (AB)' = ——adj(AB 











oes eters 5 Be Se 






ER a peer 
SPST 






F XERCISE — 6.5 


I- Find the determinants of the following matrices. 


j 4, 7 


foe {-2 5 lo 4+ : 
tee | wl] 
Identify the singular and non-singular matrices. 

« (all & . le 8 ex, [eee 
Y he =f e E 4 wy CF | 


Find the inverse of each matrix A and show that A’ A=/. 
If the inverse does not exist, give reason. 


Cof— ~IN 


; ieee, an AJA de 20 
eee. [SS 
(iy) lc i 0) ; *| (vi) ie 0 
3 =2 2 8 OT 
Bie dat: . 
5 5 


Lane: 
Let M = 
hel 


(a) Find M 
_ (b) Verify that MM = MM" 


a Th, SAI 
a? i} B -| é 7 vet tha a = 


164 





MATRICES AND DETERMINANT: 





KJ Col 








6.6 SOLUTION OF SIMULTANEOUS LINEAR EQUATIONS 


To determine the value of two variables, we need a pair of equations. 
Such a pair of equations is called a system of simultaneous linear 


equations. 


41- The echnique of soning) 2 i of sitanea is equations by 
(a) Matrix Inversi "Matod od 






6.6.1 Matrix inversion Method 

Let ax+a@,vHb, wn (i) 

and a,x+@jy=b) (ii) 
be the two simultaneous linear equations. These equations can 
be written in matrix form as: 








ie 
or 

a, 4) x b, 
where 4 = ,X = B= 

a; ay y b, 


To find values of the variable x and y, the equation (iii) is solved by. 
the following method. 





AX =B 
If A has an inverse 4”, 
- then 4/AxX = A'B (SA AE 
1X = A'B (1X =X) ” 
BEE provided] 4|#0 
| A| oe 

_ Incase 4 is singular (|A| = 0), then it is not possible to find the 
- Solution of the given equations. A. P= ee seinen, 


165 


; ’ 
a s { i 
P as : Tpsy , Lem 
ae : SS bal ‘eee 
nF a) ol a: sential 2. a 2 








_ Solve the following set of equations using the matrix inversion 
method. 3x-4y=7, 5x-7y=12 


SOLUTION: 
‘The given simultaneous equations may be written in matrix 


form as: 
3 -4 x] _ 7 
ale ley, |n-| 22 
AX =B 
. Be 4 x 7 
Ae ,_X=| |, B= 
Hoo a=[5 7} x=) e-[,| 
By ee 
\4i=| |= 21420 = -1 
5 —7 
|A| = -140 


’ As A is non-singular matrix, so the equations can 
be solved. 


7 4 
Al — i adj A — J 
| A| Bijese 3 








Cramer’s Rule: 





Simultaneous linear equations can be solved by Cramer's rule. heen = , 
method to solve linear equations by Cramer's rule is explained below. 
Consider the linear equations. 


a)x + ay = b, 
a;x + ayy = by 


In matr ix form 
a; a y 
AX = 




















|A| 
3 
b 
[Dili ha 
by ay 
b 
|D,|=|" 5 
5 143 2b, 
|, | 4 SIDAl 
Now x=—"“ and y=— 
|A| | A| 
EXAMPLE~1 f 
_ Use Cramer’s rule to solve the following linear 
x+3y=6 , dAMx+y=4 : 











8 . 6 8 
=— .. Solution set = 4(—,— 
as (5 5? 


7 apples and 4 pears cost Rs. 11 while the 5 apples and 2 pears’ 
cost Rs. 7. How much each apple and pear cost ? 


SOLUTION: We denote apple by x’ and pear by ‘y’ 
then 7x + 4y=I11 
SX + 2y=7 
In matrix form 


i Bg 


7 4 
Al= = 14-20 = - 
|A| f j 0 6+#0 


our) thane ! 


ll 4 
D,| = = 22-28 = — 
gl?! ; j g 















EXAMPLE-3 


Find two numbers whose sum is 67 and difference is 3 





SOLUTION: Be aes Sr 
Let x and y be two numbers and aisoty tS 
x+y=67 (i) : 
rey = 3 (ii), | 0 eG, 
In matrix form: re | [; 67 
[J a yy, . | 1 3X 
en i 4 
A = = -] -j=-— > 
|4| } “ go! a 
O7ual |. 
1D, = ; 2 = -67-3 = -70 
1 67 
‘|D,| = = 3-67 = -6: 
s\=|) Oe -orna 
, Dies 
[Al eZ 
a le 
|A| » =2° Iie 
x= 35) = y=32e 


. the required numbers are 35 and Th ¥ 


EXAMPLE-4 





‘ x+y=42 
Ix + 4y = 213 





\ |A| = = = 4-7 = -340 
4 7 4 


4 ail 
he 
=|] 


AX =B 


X =A'B 


X= (ae B 
| A| 


_ 1f4 -1) [42 
es 70 if \)| 213 
x|_ If 168 - 213 
y|  3|-294 + 213 


Bets 

















© 





15 and Rs. 27 respectively. 


ar. + 























EXERCISE — 6.6 
HATS A PO SU el 


l- Write the equation 2x + ky=7 and 4x— 9y= 4 in matrix form. Also a 
find the value of kif the matrix of the coeffi cients is singular. a fe gal 


2. Solve the simultaneous equations by the matrix inversion method 
where possible. Where there is no solution, explainwhythisisso. —- | 


i 


(i) 2x-Sy=1 (ii) 3x+2y=10 (iii) 4x+5y=0 — We ee 
3x-7y=2 2y-3x=-4 2x+5y=1 | 


fiy Box + Oy = 25 () x+y=2” Wi) Sel £ 
wad yadtx Sep iis| 
§ \ tal rl on 
3. Solve, using matrix inversion method 1. a ea soni 
Sine SiH ee 
3x-y=10 at et | 
2x + 3y=3 : Hace Bet 





4, Use Cramer's rule to solve the simultaneous equations. Give! thee eee 
reason where solution is not possible. STAGE UIT 


(i) x+2y=3 (ii) 2x+y=1 
x+3y=5 Sx+3y=2 


(0) et) (vy) -x73y=5s isiegne ate 
x-3y=-7 ax—5Sy=9 3 


ae 
oe 
oe aes 









(b) rows 5 


(d) determinant 


order 


columns 


atrix consisting of one row is called a: 


row matrix (b) column matrix 


identity matrix (d) scalar matrix 


matrices are conformable for addition, if they are of 
the same order _ (0) the different order 
| the order 2x2 (dq) order 3x3 


are matrix the number of rows and columns is: 
(b) 3x2 
() 2x] 


the same order and equal corresponding 


(b) diagonal matrices 


(d) unequal matrices 


S are: 





In matrices (A B)' =? 


(a) A if aD arg ry A nal 
() Bi A' Al BE Tote Oe 


prc eo tate |e 
10. In matrices(A B)! = 


i eg lt 
(a) Aq! (b) Bo 


(c) B”! A?! (qd) A! B! a. ‘ YOUR CO et ; : 


T- Fill in the blanks. vot aditer eee j 


at 


1. The number of rows and columns in a matrix determine om 
ise . ia te 


A matrix consisting of one row only is called:a) —\ suetreearay 


Two matrices are conformable for addition, if they BIE 558 wis inh} 
of the 


3 3 ee hal 
In a square matrix the number of rows and columns is____ ait 
: Napa 


iin Nay 


Two matrices of the same order are . 
corresponding elements are same. 


* In a unit matrix the diagonal elements are_ 
(AB)C = A(BC), where A,B and C are’ inathieee 5 
under multiplication. feb a 


If 4’ =—4, then the matrix Ais said tobe - : 


9. In matrices (AB)' = 


“10. In matrices (AB)! 












SUMMARY 






Matrix: A rectangular array of numbers, enclosed by a pair of brackets 
and subject to certain rules is called a matrix. 





Order of a matrix: The number of rows and columns in a matrix determine 
its order. 







Row matrix: A matrix. consisting of one row only is called a row matrix. 


Column matrix: A matrix consisting of one column only is called a column 
matrix. 






Square matrix: In a square matrix, the number of rows and columns are 
equal. 





Rectangular matrix: In a rectangular matrix, number of rows and columns 
are not same. 





Zero or null matrix: If all elements in a matrix are zero, the matrix is 
called a zero or null matrix. 





Unit or Identity matrix: In an identity matrix, the diagonal elements are 
unity and off diagonal elements are all zero. 





Transpose of a matrix: A matrix obtained by interchanging rows into 
columns is called transpose of a matrix. 








Symmetric matrix: A matrix 4 is said to be symmetric, if 4‘ = A. 


Skew-Symmetric matrix : Amatrix Ais said to be skew-symmetric, if 4‘ =—A. 





Determinant: A real number associated with a square matrix is called 
determinant of a square matrix. 







Singular matrix: If the determinant of a square matrix is zero, it is 
called a singular matrix, otherwise non-singular matrix. 






Adjoint of a square matrix of order 2x 2 

In the adjoint of a square matrix of order 2x 2 the diagonal 
elements are interchanged, whereas the sign of other diagonal 
elements are changed. 

Multiplicative inverse of a square matrix, 

A matrix B is said to be multiplicative inverse of ‘4’, if AB = I. 












bg 


FUNDAMENTALS OF GEOMETRY 





Properties of Angles 

Congruent and Similar Figures 

Quadrilaterals 

Parallel Lines 

Congruent Triangles . 
Circle 





VvVvvVvIVv VV 


After completion of this unit, the students will be able to: 


» define adjacent, complementary and supplementary angles. 

» define vertically-opposite angles. 

> calculate unknown angles involving adjacent angles, complementary angles, supplementary 
angles and vertically opposite angles. 

> calculate unknown angle of a triangle. 

» define parallel lines. 

> demonstrate through figures the following properties of parallel lines. 


Two lines which are parallel to the same given line are parallel to each other. 
« If three parallel lines are intersected by two transverals in such a way that the two intercepts on one transversal are 


equal to each other, the two intercepts on the second transversal are also equal. 
« Aline through the midpoint of a side of a triangle parallel to another side bisects the third side (an application of above property). 
» draw a transversal to intersect two parallel lines and demonstrate corresponding angles, 
alternate-interior angles, vertically-opposite angles and interior angles on the same side of transversal. 
» describe the following relations between the pairs of angles when a transversal intersects two parallel lines: 
« Pairs of corresponding angles are equal. _e Pairs of alternate interior ne are equal. 
« Pair of interior angles on the same side of transversal is supplementary, and demonstrate them through figures. 


> identify congruent and similar figures. 

> recognize the symbol of congruency. : 

> apply the properties for two figures to be congruent or similar. 

> apply following properties for congruency between two triangles. 


« SSS = SSS, e SAS = SAS, « ASA= ASA, « RHS=RHS, 
> demonstrate the following properties of a square. 
The four sides of a square are equal. « The four angles of a square are right angles. 


 Diagonals of a square bisect each other and are equal. 
> demonstrate the following properties of a rectangle. 

« Opposite sides of a rectangle are equal. + The four angles ofa rectangle are right angles. 

e Diagonals of a rectangle bisect each other. 
> demonstrate the following properties of a parallelogram. 

Opposite side of a parallelogram are equal. « Opposite angles of a parallelogram are equal. 

« Diagonals of a parallelogram bisect each other, g 
> describe a circle and its centre, radius, diameter, chord, arc, major and minor arcs, 

semicircle and segment of the circle. a . Ne 
> describe the terms: sector and secant of circle, concyclic points, tangent to a circle and concentric circles. 
> demonstrate the following properties: j 

The angle ina semicircle is aright angle. The angles in the same segment ofa circle are equal. 

« The central angle of a minor arc of a circle, is double that of the angle subtended by the corresponding major arc. 
> apply the above properties in different geometrical figures. 





| __7:1 PROPERTIES OF ANGLES 


Before going to study the properties of angles, let us revise what we 
have learned in our previous classes about angles. 


Angle:- 


Anangle is the union of two rays with the common end point. The rays are 
called the arms and their common end point, is called vertex of the angle » . 





: An angle may be named as: 
_--—~—~—~—s- 4- ~_By naming the vertex, that is, Z A. 
re By naming the vertex and another point on each arm. In this case, 


_~ the letter at the vertex is placed between the other two letters, thus 
_ZBAC or Z CAB. 


Straight Angle:- 


A straight angle contains /80°’and is equal to two right angles. The 
arms of a straight angle extend in opposite directions, forming a 
straight line. 








Right Angle:- 








The given figure is of a B 
right angle. 
A right angle contains 90°. 
mZ AOB = 90° 5 = 
A 
Acute Angle:- 





An acute angle contains more 
than 0’and less than 90°. 
Angle ‘O’ is an acute angle. 








Obtuse Angle: 


An obtuse angle contains 
more than 90° and less than 
180°. Angle Q is an obtuse 


angle. omy ai 
Reflex Angle:- 3 











A reflex angle contains more _ ey 
than 180°and less than 360°. TIE il 
Bogle Mis a reflex angle. Sey ee ese 
: “4 ey > “ F F r & 
{Th anys 7 


ee ee OY ee ate 





Equal Angles :- 


sy stg 7 *. 





7.1.1 Adjacent, Complementary And Supplementary Angles 
| ____ Adjacent Angles :- 


Adjacent angles are two angles 
with the common vertex and a 
{ common arm between them. In 
the given figure, Z 1 and 7 2 are 
called adjacent angles with 
common vertex B and common 
arm BD. 





~ EXAMPLE 
Whether angles. and 8 in the following figures are adjacent? 
If not, explain why? 


D E 
D oO 
A - As A 
: BC BC PISSED 
_ figti) B fig (ii) ® fig(iii) 










neo), _ SOLUTION: 
__Infig (i), Zaand Z f are adjacent angles. 
In fig (ii), Za and Z B are not adjacent angles because no 
4 arm between them is common. 
fig (iii), Zo and Z Bf are not adjacent angles because 
*y _ they do not have a common vertex. 


pa Spelt 
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Complementary Angles :- 


Complementary angles are two angles whose sum is 90°. If the sum 
of two angles is a right angle i.e. 90° (they need not to be adjacent), 
each angle is called the complement of the other. 


Zaand ZB are 
complementary and 
adjacent angles. 


ZAand Z Dare 
complementary 
angles. 


Note: 

If two angles are Gdiccent and complementary, then their 
exterior sides are perpendicular to each other and vice-versa. 
In figure (i (i), Zaand ZB are adjacent and complementary 
hence OC 1 OA. ‘a 


Supplementary Angles :- 


Supplementary angles are two angles whose sum is 180°. If the sum 
of two angles is /80° , then each angle is called the supplement of 
the other. 


Zaand Zfare . 
supplementary and 
adjacent angles. 


Zxand Zy are 
supplementary 





fig (ii) 











———— 
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IDAMENT. 


‘ ehae ae a enc ZB are adjacent anid conten 
s POS is a straight line. 





EXAMPLE-1 ‘ 

ABC Is a straight line. Amjad said, “Angles 1,2 and 3 are .- 
supplementary”. Whether his statement is correct? If not, what is 
wrong? _ - 





SOLUTION: 


‘No, because, supplementary angles are two angles, not three. 


EXAMPLE-2 =a . 
If two angles are complementary and the larger angle is four time 
bigger than smaller angle, how many degrees are there in each 


angle? 
"SOLUTION: 
nl _Letx represents the number of degrees in the smaller pati 
excise 3G ‘Then 4x represents the number of degrees in the larger angle. 






_ Sincex and 4x are complementary, . 
_ therefore 


x+4x = 90° 

5x = 90° 

a SS x = 18° 
ao. 4x = 72° 


e the angles are 18°and 72°, peapeeevely 
Edhar 1 at 180° = 


| 





7.1.2 Vertical Angles 


Vertical angles are two non-adjacent angles, each less than a Straight 
angle, formed by two intersecting lines. 


Draw two lines intersecting at a 
point. How many angles less 
than a straight angle are formed? _ 
The non-adjacent angles, each _ 
less than a straight angle, are 
called vertical angles. In the 
figure Za , 2b; and Zc , 4d are 
pairs of vertical angles and 
Za=Zb , Zc=Ld 





EXAMPLE 





In the figure, two straight lines AB and CD, 
are intersecting at a point O forming 
mZBOD = 40°. = Cc 50 B- 


Se ee we 


What is the measure ofZ AOD and Z AOC ? 
What can you say about Z BOD and Z COA? 


SOLUTION : 


Since ZAOB is a straight line and: 
equal to 180°, therefore, 





mZ AOD + mZ BOD = 180° 
mZ BOD = 40° (Given) 


mZ AOC = 40° 
(Z BOD and Z COA are vertical angles. y- 
mZ AOD = 140° : 


"+ (140° + 40° = 180°): . . 
mZ.BOD = mZ COA ae Ben. = 
181 ve 
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7.1.3 Calculate Unknown Angles 





' Let us consider the following example to calculate the unknown 
angles involving adjacent, complementary, supplementary and 
vertically-opposite angles. 


EXAMPLE-1 


Find the values of a, b, c and d in the given figure. 





SOLUTION: From the figure. 


| 

| c+40° + 80° = 180° 
+ 120° = 180° 
"i c = 180° — 120° 





, Ci=100- 
Therefore c = a = 60° (vertically-opposite angles) 
Now a+d+b = 180° 
60° + 40° +b = 180° 


_ 100° +b = 180° 
b = 80° 
EXAMPLE-2 
Find the values of x , y and z in the given figure. 
SOLUTION: From the figure. 


-x+50°+60° = 180° 
x+110° = 180° 
x = 180° - 110° 
m= 702 
But x = y (vertically-opposite angles) 
~ y =70° 
Now y+z = 180° 
 70°+z = 180° 
z= 110° 
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THEOREM 


If two straight lines intersect each other, then the vertical angles are equal. | 








e 


The straight lines a and 5 are intersecting at the point P and forming 
the pairs of vertical angles J and 2, 3 and 4. 


Z1=Z2 and 23=24 


If Z J and Z 2 are supplements of the same angle, then they will be 
equal. ' 






Remember that: 


¢ If two angles are complements of the same angle, they are equal. 





* Iftwo angles are complements of equal angles, they are equal: : 





' ¢ If two angles are supplements of the same angle, they are equal. : 


> 





: If two straight lines intersect each other, then the vertical angles are | 
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of ARS Calculate Unknown Angles of a Triangle 


the angles of a triangle and then solve it. 


EXAMPLE-1 
ind the value of x in the given triangle. 
SOLUTION: From the figure. 
x-20° +x+25° +x+40° = 180° 
3x+65° — 20° = 180° 
3x+45° = 180° 
3x 135) => x = 45° 









Be __. Thus the three angles are: x—20° = 45°-20° = 25° 
x+25° = 45°+25° = 70° 
x+40° = 45°+40° = 85° 


 EXAMPLE-2 


Find the value of x in the given triangle. 


+ pio To calculate unknown angles of a triangle, we follow the equation for 





I- Write down the angles marked with letters. Write whether the 
angles are complimentary or supplementary ? 


Two angles are supplementary and the greater exceeds the smaller 
by 30°. How many degrees are there in each angle? 


If 40° is added to an angle, the resulting angle is equal to the 
supplement of the original angle. Find the original angle? 


The sum of two angles is /00°, and the difference between their 
supplements is /00° . Find the angles. ; 


The sum of two angles is 100°, the supplement of the first angle 
" exceeds the supplement of the second angls by 405 
Find the angles. 


Write the equation for the 
given triangle and solve it. 





(viii) 
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7.2, PARALLEL LINES 


Parallel lines are two straight lines in the same plane which never 
meet. 


The lines a and b are parallel, we write a || b. 


Remember that: 
Through a given point P ina 
plane, one and only one line can 


be drawn parallel to a given line ¢. 
(Parallel postulate) 





7.2.1 Properties Of Parallel Lines 


a) Two lines parallel to a third line are parallel to each other. 





parallel to 5. 
If alc, b\|c, then alld. ae SS = rel, 
. 5 187 “iS “ nS E: 








i te : ; 6) If three parallel lines are intercepted by two transversals in such a 
| way; that the two intercepts on one transversal are equal to each 
: other, the two intercepts on the second transversal are also equal. 


ie. if AD||BE||CF 
ACand DF are transversals, 
then AB= BC 
DE = EF 





©) If a line bisects one side of a triangle and is parallel to a second 
side, then it bisects the third side. 








7.2.2 Transversal 


A transversal is a line that intersects two lines in different points. 


Note: : 

1- In the Fig J and II a transversal “t” intersects (or cuts) two 
lines a and b. 

2- The transversal can intersect three or more lines at one 
point of each line. 





If a transversal “¢” intersects two parallel lines a and 5, the angles 
formed are identified as follows: 





1- Four interior ances Z1, 22% Zr 
2- Four exterior angles: 25,26,27, 28. 
3- Two pairs of alternate interior angles: Z 1 and Z 3; Z 2-and Z 4. 
4- Two pairs of alternate exterior angles: Z 5 and 2 7; 2 6 and 2 8. 
5- Two pairs of interior angles on the same side of the 
transversal: Z 2 and Z 3; Z J and Z 4. 
6- Four pairs of corresponding angles: 2 3 and x 7; 24 and Z 8; 
Z2and Z 6; Z1 and Z5. : 


- 
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EXAMPLE - ! 
Look at the following figures and answer the following questions: 


(a) the alternate interior angles. 
(6) the corresponding angles. 
(c) the complementary angles. 
(@) the vertical angles. 

(e) the supplementary angles. 


SOLUTION: 

In Fig 1 

(a) Z1, 22 

(b) Z1, 24 

(Cc) none 

(2) 23,25; 22,24 
(2) 23,22; 22, 25; 

25,24; 24,23 Fig (1) 


In Fig 2 
(@~Zm, Zr; Zr,Zp 
Be ies (b) none 
! + *(c) none 
ee (d@) none 
(2) Zn, Zr; Zp, Zq 











7.2.3 Relation Between The Pairs of Angles 


If two parallel lines are cut by a 

transversal, the corresponding 

angles are equal. 

[Z1=2 2, Zn = Z2 3% 
.Z1=23] 





d) lf two parallel lines are cut by a transversal, the alternate interior 
angles are equal. 





a||b, lines a and 6 are cut by the transversal c at points M@ 
and N to form the pairs of alternate interior angles 
(Z1 , 22) and (23 , 24) 


Z£1=22,23=L4 


e) lf two parallel lines are intercepted by a transversal, then pairs of 


interior angles on the same side of transversal are supplementary. 





AB\|CD, lines are cut by the transversal t, angles a, b, ena 


and d are formed. 


mZb+mZd = 180° 
mZa+mZc = 180° Pee tari 
"491 a ee 














]- Lookat the given figure and answer the following questions. 





(a) The pair of alternative interior angles 





(6) The pair of corresponding angles Sf 





(c) The pair of complementary angles 





(@) The pair of supplementary angles 7/8 






(e) The pair of vertical angles 







Look at the given figure and answer the following questions. 





(@) The pair of alternative interior angles 





E ~ (®) The pair of corresponding angles 





() The pair of complementary angles 





(@) The pair of supplementary angles 





(2) The pair of vertical angles 









3- Takea point ‘X’ outside. line DE. Drawa line through ‘X” which 
wee cuts DE at some point. Making corresponding angles congruent 
a ie _ draw a line parallel to DE. 








7.3 CONGRUENT AND SIMILAR FIGURES 
7.3.1 Congruent Figures 


= 
wh 


_ They have the same size if they have the same length. 





The word congruent comes from Latin meaning “together agree”. 
Two geometrical figures which have the same size and shape are 
congruent. 


One figure is congruent to the other. The symbol for congruent is = . 
Thus two segments are congruent when they have the same size. 





A 


B < 
Sem 
Fig (1) 
Scm ) 
AB=CD 


All segments, being straight, have the same shape. 


In the above Fig (1) mAB=mCD=Scm. Therefore AB and CD are of 

same size. 

>» Two segments which have the same length are congruent segments. 
In the Fig (1) AB=CD 


> Two angles which have the same measure are congruent angles. 
ZABC = ZDEF ; 














> Triangles, all of whet corresponding parts Sere Rient are congruent 


triangles. 


-AB=DE , BC=EF , AC=DF 
and ZA=ZD , ZB=ZE , ZC=ZF 
A ABC = ADEF 


Two polygons whose vertices can be paired so that corresponding 
angles and sides are congruent, are congruent polygons. 


SS 
Saad a 


ee Ay 





The drawing is by the artist 

_ M.C. Escher. Notice that if you 
cut out two salamanders and 
place one on top of the other, 
one would fit over the other 
exactly. The salamanders are 
congruent. ’ 


_ Congruent figures have the ys GF 
___ same size and shape. \ Ve 








Similar Figures 


In the polygons below, the 
members of each pair are 
similar to each other. 


ae 


~ Similar polygons are polygons which havel their corresponding angles 
equal and their corresponding sides in a proportion. Remember that 
both conditions must exist. 


Since a definition is reversible, it follows that, 
if two polygons are similar, their corresponding angles are equal 
and their corresponding sides are in proportion. 


Similarity like congruence represents a special kind of 
correspondence. 


If polygon P, is similar to polygon P, (written P, ~ P,) 





1- ZA=24', ZB=ZB' 
Z2C=ZC', ZD=ZD! 


AB BC CD DA 


ae ac Cp pa 
: 195 














Look at the Escher drawing. Notice 
that the figures are the same shape 
but not necessarily the same size. 
Similar figures have the same shape 
but not necessarily the same size. 








7.3.2 Symbol (= ) 


Two geometrical figures which have the same size and shape are 


_ called congruent figures. The symbol for congruency is = . 
7.3.3 Properties of Congruency 


I. Congruent figures are identical in all respects i.e. they 
have the same shape and the same size. 


2. Triangles are congruent, if any one of the following 
applies: 
(a) Corresponding sides are the same (SSS). 


(6) Two corresponding sides and the included angle 
are the same (SAS). 


(c) Two angles and a corresponding side included 
angles are the same (ASA). 


(@ The hypotenuse and one pair of the other 
' corresponding sides are the same in a right angle 


triangle (RHS). 
3. Circles which have congruent radii are congruent. 


4, Two angles which have the same measure are congruent. 
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EXERCISE - 7.3 


Tell Whether or not the Figures in Question 1-3 are Similar: 


-J- All squares; all rectangles; all regular hexagons. 


2- Two rectangles with sides 8, 12, 10 and 15. 


3- Two rhombuses with angles of 55° and 125°. 


4. The sides of a polygon are Scm, 6cm, 7cm, 8em, and 9em. \n a similar 
polygon the sides corresponding to 6cm is 12cm. Find the other sides 
of the second polygon. 


The sides of a quadrilateral are 2cm, 4cm, 6cm, and 7cm. The longest 
side of a similar quadrilateral is 2/cm. Find the other sides. 


5 


6- The sides of a polygon are Scm, 2cm, 7cm, 3cm, 4cm. Find the sides 


of a similar polygon whose side corresponding to 2cm is 6cm. 
What is the ratio of the perimeters of these two polygons?” 


7- What are the congruent pairs of corresponding sides and ~ 
corresponding angles ? Ke 


D F A ; Cc. & 


8 ‘Are all similar figures congruent ? Explain why? 


a 





ee ee i PEE NERS. stoma nomi 
te ‘Are all congruent figures similar ? Beli ea wi tpl aif 


3 oats “Swit Sa eS is 
aah ies OE rh eee et 
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7.4 CONGRUENT TRIANGLES 
Congruent triangles are two triangles whose vertices can be paired 


- so that corresponding parts (angles and sides) are equal in 
correspondence. 


In the figure given below, symbolically, A POR = A KLM means 
triangles POR is congruent to triangle KLM. 





_ Properties of Congruency Between Two Triangles:- 


D> Two triangles are congruent if the corresponding sides of the 
first are equal respectively, to the sides of the second triangle 


| (SSS = SSS) 

















> Two triangles are congruent if two sides and the included 
angle of one triangle are equal to corresponding two sides and 
the included angle of the second triangle respectively 

(SAS = SAS). 







> Two triangles are congruent if the two angles and included 
side of one triangle are congruent to corresponding two angles 
and included side of the other triangle (ASA = ASA). 


> The two right angled triangles are congruent if the hypotenuse 
and a side of one triangle are congruent to the hypotenuse 
and a corresponding side of the other triangle angle. 
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F XERCISE — 7.4 


1- Fill in the blanks: 
(a) . \f AABC = AFDE, then. — 


penn Lac () AB= " (ii) BC= 
(iii) AC= ; (iv) mZA= 
(vy) mZB= (vi) mZC= 


(b) _|n APQR, the angle included between side PR and OR 
is 


(c) In ADEF, the side included between ZE and ZF is : 


@  \fAB=QOP mZB=mZP, BC =PR, then by 
condition. A ABC = AOPR. 


(e-)  \f mZA4=mZR, mZB=mZP, AB=RP then by 
congruence condition. AABC = ARPO. 


2- \n Figure, the pairs of corresponding equal parts in a pair of triangles 
* | _ are shown with similar markings. Specify the two triangles which 
; become congruent. Also, write the congruence of two triangles in 
symbolic form. 


D x 





3- In Figure, ABC and DBC are 
two triangles on a common base 
BC such that AB = DC and 
DB = AC, where A and D lie on 
the same side of BC. In A ADB 
and A DAC, state the 
corresponding parts so that 

A ADB = A DAC. 
Which condition do you use to 
establish the congruence? 


if mZDCA = 40° and mZBAD = 100° . 
_ Find ZADB. 


4- Identify the following figure as congruent, similar or neither. 


A= 


a Identify the corresponding parts in AMNO lad A POR. 
() ° 

(ii) NO 

: (iti) PR ° 
eo 


(iy) Z1 





— : 





’ 15 QUADRILATERALS 


Quadrilaterals:- . 


A quadrilateral isa polygon with 
four sides. 


Parallelogram:- 


- Aparallelogram is a quadrilateral - 


with two pairs of parallel sides. 


Rectangle:- 


A rectangle is a parallelogram 
containing a right angle. 


Sate 


* _ Asquare is an equilateral 
rectangle. — 


75.1 Pope of eee 


’ 
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Four Angles of a Square are Right Angles 


ABCD is a square. 


Measure angle 4, B, C, D with 
protractor. We find that 


mZ A=mZ B=mZC=mZ D=90° - ‘ 


Consider a square ABCD, the 


diagonals AC and BD intersect at 5 
‘O’. We find that : 


mOA =mOC =1.9cm and 
mOB = mOD =1.9cm 


7.5.2 Opposite Sides of a Rectangle are Equal 
Consider Rectangle 


Let us consider a rectangle ABCD. 


AB, CD and AD, BC are opposite pairs of rectangle ABCD. 


We find that mAB=mCD =4.5cm and mAD = mBC =2.8cm 
















a rectangle. Its diagonals AC and BD intersect at point O. 
that : mOA =mOC =2.5cm 


ind 4 mOB = mOD = 2.5cm 





7.5.3 Properties of a Parallelogram 


> The opposite sides of a parallelogram are equal. 


ABCD is a parallelogram. 
AB, CD and AD, BC are pairs of — 
opposite sides. " 
We find that 
mAB = mCD =3.9cm and 
mAD = mBC =2.0cm 


ABCD is a parallelogram. 


ZA, ZC and ZB, ZDare 
pairs of opposite angles.. 


We find. that 


mZ A=mZC=70° and 
mZ B=mZ D=110° 


A parallelogram ABCD , the 


diagonals AC and BD intersect 
_ at O. 


We find that 
- mOA=mOC =2.5cm 
and mOD =mOB =2.5cm 











each other. 





76 CIRCLE 
7.6.1 Circle 


_Acircle is the set of points in a 
plane which are at a constant 


distance from a fixed point in 
the plane. 


Center 
__ The fixed point C is called the 
center of the circle. 


Radial Segment mS 


P is any point on the 
circumference of the circle with 
centre O. OP is called the radial 

segment of the circle. 











Chord 


Achord of a circle is a segment 
connecting any two points on 
the circle. In the given figure AB 


is a chord. : 
a SSE 


Segment of a Circle 


A chord 4B of a circle divides the circle in two parts. These are 
called segment of the circle. 


Minor Segment: The included area between minor arc an the chord 
is minor segment. ; 


Major Segment: The included area between major arc and chord is 
called major segment. ; 


Major Segment 





Diameter 


A diameter of a circle is a chord 
that passes through the center. 
The length of a diameter of.a 
circle is twice the length of the 
radius of the same circle. 


Diameter = 2xradius | - . 








pase tang, 






Semicircle 





Minor Arc 








72 





7.6.2 Sector 


“TA circular region bounded by an 
arc of a circle and its two 
corresponding radial segments 
is called a sector of the circle. In 
the figure, region 

: “AB | is the séctor of the clttle with cénter at O. 





Secant Line 


A secant is a line which 
intersects a circle in two points. 


Tangent 


A tangent to a circle is the line 
perpendicular to radius of the : Point of Tangency 
circle at its outer extremity. 





The point on the circle at which the radius and tangent meet is 
known as the Point of Contact or Point of Tangency. 


Concyclic Points 


Points lying on the 
circumference of the same circle 
are called concyclic points. In 
the given figure A, B, C, D, E, F © 
and G are all concyclic points. 





Concentric Circles 


Concentric circles are circles in 
the same plane with the same 
‘center and different radii. A set 
of three concentric circles is , 
shown in the given figure. 








te eae Te . 7 

He 7.6.3 Properties of Angles 

f ' In order to discuss the properties of angles relating to circles, first we 
cc. consider an angle in a segment. 


Angle in a Segment 
Consider a chord of a circle with center at ‘O’ as shown in the figure. 
We take the segment PSQ of the circle with center at ‘O’, the point ‘R’ 
~ on PS@Q is-distend from ‘P’ and ‘Q’. Join R with P and R with Q to 
_ obtain ZPRQ. We say that ZPRQ is an angle in the segment PSQ. 
We can draw more angles in the segment to meet by PSQ.. 





: Angle in a Semi-Circle is a Right Angle 


e 1- Drawa line-segment AB of 
Sealer: fength. Mark the mid 
ee ~~ point of AB as O. 


22 Draw a semi-circle on AB 
_ with radius OA. 


3- Take any pont C on the 








4- Now take a protractor and place it along AG so 
the protractor falls on C. g that the center of 


We note that the measure of the Z ACB by looking at the marking on 


the protractor corresponding to arm CB of ZACB is of 90°, ie 
mZACB = 90° or a right angle. 


Thus, angle in a semi-circle is a right angle. 


Angles in the Same Segment are Equal 


Draw a circle with center ‘O’. Take two points B and C on the circle 
and join them. BC divides the circle into two parts. 

Draw angles, ZBAC and ZBDC in the same segment as shown in the 
figure. Take a sheet of tracing paper and make a trace copy of 
ZBAC. Place the trace copy of ZBAC on <BDC. <3 

A falls on D and AB falls on DC. 6 ‘sonatas 
So that we observe that BD falls on AC. Thus ZBAC = ZBDC, this. 
shows that angles in the same segment are equal. 





ait 





[| “Central Angle 


i The central angle of a minor arc of a circle is double that the angle 
Hee _ , subtended by corresponding major arc. . 





« In Fig (i) Z AOBis the central angle of minor arc 4B while Z ACB 
is the major angle subtended by the corresponding major arc ACB 


of the circle 

: m Z AOB = m2 Z ACB 

Join C with O and extended it to meet circle in D. 
mZI=mZ2/(angles made by = sidesof A AOC at base AC) 


mZ1+mZ2=mZ 3(opposite exterior angle of a Ais equal to 
- its base anglés) 


| ZS eccs...(i) 
Similarly 2mZ4 = MZ6 eeosssoe (ii) 


.. Adding (i) and (ii) 
2mZ1+ 2mZ4=mZ3+mZ6 


2(mZ1+mZ4=mZ3+mZ6 
2m Z ABC = mZ AOB 


of mZ AOB = 2m Z ACB 
ies "fate 








7.6.4 Applications 


All angles inscribed in the same arc are equal in measure. 
mZK=mZL=40° 





Fig (ii) 





Z ACBis central angle of the circle in Fig (ii) and angle 2 AKB and 
Z ALB are the two corresponding subtended angles at the major arc. 


+m ZACB = 2m Z ARB vsss.(i) 
and m Z ACB = 2m Z ALB vases: (ii) 


.. From @ and (ii) 
2m Z AKB = 2m Z ALB 


m Z AKB = mZ ALB 


Hence all angles inscribed in the same arc are equal. 
J ats 
Sa RN 
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_ Remember that: 
‘In congruent circle or in the same circle, if two minor arcs are 


‘congruent, then the angles inscribed by their corresponding 
~ Major arcs are also congruent. . 








EXERCISE — 7.6 


T- Fill in the blanks: 


@ “Ina plane the set of points whose distance from a fixed point is 
same is called 





CNR et oa 


es: 


(ii) _ The distance of a point of a circle from its centre is 
called 






' iii) Aline segment whose end points flee on the circle is 
called _ ‘ ; 


vy) At ‘chord that passes sthrough the centre of the circle is 
called. “ : ; 


———_— 
is e 





» ; Halfe of acirclei is called 


{ 











9. An arc greater than a semi-circle is called: 
(b) Chord 


(a) Minor arc 
(4) Diameter 


(c) Major arc 
10. Circles with equal radii and equal diameters are called: 


(a) Concentric circles (b) Semi-circles 
(c) Equal circles ‘(@) Concyclic points . 


TI- Fill in the blanks. . 
1. Two angles with a common vertex and a common side are called 


angles. 


If sum of the two angles is a straight ‘angle, then the angles are 


called angles. 


3. An angle more than 90° and less than 180° is called 
angle. 


. Two non-adjacent angles, each less than a straight angle, formed 


4 
by two intersecting lines are called angles. 


5. The sum of the angles of a triangle is - 
Two lines parallel to a third line are parallel to 


7. Two geometrical figures, which have the same size and shape 


are 
8. A triangle with no equal sides is called a triangle. 


through the center of a circle is 


a) A chord that passes 


| semi-circle is a 





Vertically Opposite Angles Adjacent Angles on a Straight Line 


Given Za = Zb and Zc = Zd Given Vie Zb = 180° 


then AOB and DOC are straight lines, | then AOB isa straight 
* line, ee. 


Angles in Relation to Parallel Lines 
Alternate Angles 
Given AB||CD then Za=Zb - Given AB||CD then Za=Zb 
xX 


7 


Interior Angles — Corresponding Angles - 


Given Za+Zb = 180° ; Given ive Vass then ‘AB|\CD 
then AB\|CD irs te w= ; ro 





SUMMARY "e 

















Right Angle: A right angle contains 90° 


d _ Straight Angle: A straight angle contains 130° 


_ Obtuse Angle: An obtuse angle contains more than 90°and less 
/ - than 180°. 


Reflex Angle: A reflex angle contains more than /80° and less than 
360°. 


b Equal Angles: Equal angles are angles with equal measures. 


f elle aa Two angles with the common vertex and a common 
side between them. 


Complementary Angles: Two angles iose sum is a 90°. 
fi 
jpplementary Angles: Two angles whose sum is a /80°. 


rtical Angles: Two non adjacent angles, each less than a straight 
angle, formed by two intersecting lines.’ 


1: The sum of the angles of a triangle is 180°. 


& 


side BE a triangle and parallel toa a 
the third side. 

















Transversal: A transversal is a line that intersects two or more lines in 
different points. 


Congruent Figures: Two geometrical figures which have the same size 
and shape are congruent. 


Polygon: A polygon is a plane figure with three or more ‘Straight sides. 
isosceles Triangle: A triangle with two equal sides. 
Scalene Triangle: A triangle with no equal side. 


Right Triangle: A triangle containing one right angle. 





Obtuse Triangle: A triangle containing one obtuse angles. - 
Acute Triangle: A triangle containing three acute angles. - 


Equiangular Triangle: A triangle containing three equal angles. 


Properties for congruency between two Triangles: 
(i) SSS=SSS_ (ii) SAS=SAS (iii) ASA= ASA (iy) RHS = RAS. 















Quadrilateral: A polygon with four sides. 
Parallelogram: A quadrilateral with two pairs of parallel sides. 
Rectangle: A parallelogram containing a right angle. 

Square: A equilateral rectangle. 


Circle: A set of points in a plane which are at a constant distance 
from a fixed point. : 


Radius: Length of a line segment joining the center to any point on _ 
the circle. 


Segment of a Circle: A chord 4B of a circle divides the circle intwo —__ 
parts. These are called segment of the circle. 


Diameter: Length of a chord that passes through the center. 
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Arc: A atten of a circle consisting of two end points and the set of 
points on the circle between them. 


oe 


| SemiCircle: An arc which is half of a circle. 


Minor Arc: An arc less than a semi-circle. 

| Major Arc: ‘An arc greater than a semi-circle. 

: Equal Circles: Circles having equal radii or equal diameters. 
Secant Line: A line which intersects a circle in two points. 


Tangent: A line perpendicular to the radius of a circle at its outer 
extremity. 


Sector: A circular region bounded by an arc of a circle and its two 
corresponding radial segments. 


 Concyclic Points: Points lying on the circumference of the same circle. 


Concentric Circles: Circles in the same plane with same center and 
different radii. 


[ - Central Angle: Angle subtended by an arc at the centre of a circle is 
_ Called central angle. 


- Result: () Angle ina semi-circle is a right angle. 
_ (2) Angles in the segment of a circle are equal. 


‘gigs 3) All angles inscribed in the same arc are equal in 
ss measure. 
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UNIT 


PRACTICAL GEOMETRY 





> Construction of a Triangle 


> Construction of a Quadrilateral 
> Tangent to a Circle 


After completion of this unit, the students will be able to: 


> construct a triangle having: 
2 e Two sides and the included angle. 
e One side and two of the angles, , 
e Two of its sides and the angle opposite to one of them (with all the three possibilities). 
> draw: 
e Angle bisectors. 
« Altitudes. 
e Medians, of a given triangle and verify their concurrency. 
> construct a rectangle when. 
« Two sides are given. 
« Diagonal and one side are given. 


> construct a square when its diagonal is given. 


> construct a parallelogram when two adjacent sides and the angle included between them is given. 
> locate the centre of given circle. 


> draw a circle passing through three given non-collinear points. 
> draw a tangent to a given circle from a point P when P lies. 
e On the circumference, 
e Outside the circle. 
> draw: 
e Direct common tangent or external tangent. 
e Transverse common tangent or internal tangent to two equal circles. 
> draw a tangent to. 
e Two unequal touching circles. 
e Two unequal intersecting circles. 


8:1. CONSTRUCTION OF A TRIANGLE 






When we are asked to construct a figure, we must use only the tools of 
geometry, namely, aruler and a pairs of compasses. 


> 


~. §.1.1 Construction 


Construct a triangle, when two sides and the included angle, are 


given. 
Let the given two sides are of measure 7cm and 5cm and the included 
angle between them is of measure 45°. 


Steps of Construction:- 


Draw a line segment mBC = 7cm 
At point B, draw mZDBC=45° using compasses. 


With B as centre draw an arc of radius 5cm to cut BD at A. 


Join A to C. 
A ABCis the required triangle. 





p> Construct a triangle, when two angles ane their included side 


Steps of Construction:- 


Steps of Construction:- 


oe =o = , 


= Draw.AC = 7cm’ 


are given. 


Let the given two angles aremZA=60° and mZB=3(° and the — 
included side mAB=6cm 


e Draw a line segment:AB = 6cm. 


e At point-A drawmZBAD=60° 
with the help of compasses. 


e At point B draw mZEBA=30° 
with the help of compasses. 


e AD and BE intersect at C. 





e AABC is the required triangle. 


Construct a triangle when two sides and the angle opposite to 
one of them are given. 


Let mZA=60°, mAC=7em, mBC =6.5cm 





e On any line AG construct 
ZGAF = 60 with the help 
of compasses. ; 


“5 
: 


e With C as center draw an 
arc of radius 6.5cm cutting 
line AG in B and B’'. 


e Draw CB and CB’. 


A CAB and A CAB'are the 
two required triangles. 














8.1.2 Angle Bisectors of a Triangle 


_ ~ Anangle-bisector of a triangle is a line segment that bisects an angle 
- of the triangle and has its other end on the side opposite to that angle. 
Clearly, every triangle has three angle bisectors, one for each angle. 


To Draw Angle-Bisectors of o Triangle 
Steps of Construction:- 


- convenient radius draw an 


~ and with the same radius 





Draw any triangle ABC. 


With A as center and any 
convenient radius draw an 
arc, cutting AB and AC at X 
and Y respectively. 


With X as center and a 
arc. Now, with Y.as center 


draw another arc, cutting the 
previously drawn arc at Z. = 


Join AZ and produce it to meet BC at P. Then AP is the required 


angle bisector of Z A. 


Similarly the other angle bisectors may be drawn. 


If we draw all the angle bisectors of a triangle, we find that they meet at 
@ point. For example: 


. Join A with J and produce it to 


Draw any AA4BC. 

Draw the angle bisector BO and 
CR of ZR and ZC respectively, 
intérscvting each other ata . 
pointe 


meet BC at P. 

Measure ZBAP and ZCAP. 
We find that 2B4P = ZCAP. 
This shows that AP is the third 
angle bisector of AABC. 





Ve observe that the point of intersection of two angle bisectors lies on 


ird angle bisector as well. _ 


What we need fo know ? 


The point at which the three angle-bisectors of a triangle meet, 
is called the incenter of the triangle. 





Altitudes of a Triangle:- 


An altitude of a triangle is the 
line segment from a vertexof 
the triangle, perpendicular to the 3 
opposite side. Clearly, every 
triangle has three altitudes, one 
from each vertex. 





Draw the altitudes of a triangle:- 


Steps of Construction:- 


a 


Draw any triangle ABC. 


With 4 as center and suitable 
radius, draw an arc cutting 
BC(or BC produced) at two 
points P and Q. 


With P as center and radius 
greater than half of PO draw 
an arc. Now, with Q as center 
and the same radius, draw 
another arc, cutting the 
previously drawn arc at R. 


Join A with R, cutting BC at L. - 
Then, AZ is the required altitude. 





Similarly, the other altitudes may be drawn. 


All the three altitudes of a triangle, (produced, if necessary) inlersecs 
ata point. 
For example: 
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e Draw any triangle ABC. . 
From B and C, draw the altitudes BM and CN respectively. 


Let BM and CN meet in H (produced, if necessary). 
Join A with H and produce it, if necessary, to meet BC in L. 


Measure Z4LC. 
We find that mZALC = 90° and, therefore, AZ is also an altitude of A ABC. 


. What we need fo know ? 


ch the altitudes of a triangle meet, is called the © 
orthocenter of the triangle. 


The point at whi 


li -) Thealtitudes drawn on equal sides of an isosceles triangle 
are equal. 
"The altitude bisects the base of an isosceles triangle. 
e altitudes of an equilateral triangle are equal. 


av 








erpendicular Bisectors of the Sides of a Triangle:- 


Avinerseament which bisects any side ofa triangle and makes a righ 

angle with the side at its midpoint is called the perpendicular bisector “ 
the right bisector of the side of the triangle. There are three perpendicular 
bisectors of a triangle, one of each side. 


- Construct the perpendicular bisectors of the sides of a triangle 


teps of Construction:- 


e Draw any triangle 4BC. 


e With B as cenier and any radius more than half of BC draw arcs 





e 


* Produce these right bisectors, if necessary, to meet at a point 0. 


one on each side of BC. Now, with C as center and the same radius 
draw arcs to cut the previously drawn ares at points P and Q 
respectively. Join P with C then, PQ is the right bisector of the 

side BC. 


Also draw the perpendicular bisectors RS and UV of AC and AB” 
respectively. 5 
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_ We find that they meet at a point. ” 
_ For example: 
e Draw any triangle ABC. 

e Draw the right bisectors PZ and 
RM of BC and AC respectively. 

_ Let PZ and RM intersect at O. 
From O, draw ONL AB, 
meeting. AB at N. 

Measure AN and NB. 

We find that AN = NB. 

Thus, OW is the perpendicular 
bisector of AB. Thus, the point O 

is common to the three perpendicular bisectors of the sides of AABC. 





What we need to know ? 


~The point of intersection of the perpendicular bisectors of the sides 
_____ Of atriangle is called the circum-center of the triangle. 





i ‘Medians Of A Triangle:- 


A median of a triangle is a line-segment joining a vertex to the midpoint 
_ of the side opposite to the vertex. Clearly, every triangle has three 
_ medians, one from each vertex. 


Construct medians of a triangle: 


E as center and any radius more than half of BC draw arcs | 
in each side of BC. With C as center and the same radius 





e Join P with Q, meeting BC at D. Then, Dis the midpoint of BC. 

e Join A with D, then, AD is the required median. 
Similarly, draw the other medians from B and C. 
We find that they meet at a point ‘7’. 





What we need to know 2 


The point at which the medians of a triangle meet, is called the 
centroid of the triangle. ae 


Note :- 


id > The centroid of a triangle divides each 
in the ratio 2:1 iY 


> The medians of an equilateral tri 


z 


> The medians to the equal sides f an isa 
areequal. Py) 
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8.2 CONSTRUCTION OF QUADRILATERALS 


In this section, we will learn to construct the following types of 
quadrilaterals. . 











fs ata w , ti 
(i) Rectangle (ii) 
“as 


8.2.1 Rectangle 


> Construct a rectangle when its two sides are given. 


Steps of Construction:- 


Draw a line-segment AB =0. 
Construct mZ A = 90° and 

mZB =90° Taking “A” as center 
cut AD =m from AE. 

Taking “B” as center cut BC =m 
from BF . 

Join C with D. 


Thus ABCD is the required 
rectangle. 





> Construct a rectangle when diagonal and one side are given. 


Steps of Construction:- 


Draw a line-segment AB =¢. 
Construct mZ A = 90°. Taking “B” 
as center and radius ‘a’ draw an 
arc cutting AE at D. 
With B as center and radius 
_ AD, draw an arc. With D as 
center and radius AB =¢. Draw 
another arc BF cutting at C. Join 
C with D. 
ABCD is the required rectangle. 








-2.2 Square 


> Construct a square when its diagonal is given. 
teps of Construction:- ; 


Draw a line-segment AC =¢ 
Draw the perpendicular bisector ; 
PO of “AC” intersecting AC at O. 


From “O” cut OD = : and OB -5 


along OP and OO respectively. 


Join A with B; B with C; C with D 
and D with A. 


ABCD is a square. 
$.2.3 Parallelogram 


> Construct a parallelogram when two adjacent sides and the 
angle between them is given. 


Draw a line-segment AB = ¢. 
Construct Z BAD = ZA. 

Cut AD = m along AE. 

With B as center and radius “m” 
draw an arc cutting BF at C. 
With D.as center and radius “¢” 
draw another arc cutting the 
previous arc at “C”. Join C with. 
B and C with D. ABCD is the 
required parallelogram. 


: 
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8.3 TANGENT TO THE CIRCLE 


Aline coplanar with a circle 
intersecting the circle at one 
point only, is called the tangent 
line to the circle. The point is 
called the point of contact or 
point of tangency. 





8.3.1 Locate the Centre of the Circle 
e The given figure is of circle. 
e The'centre of the circle is at point “O”. 
e There is only one center of the circle. 
e Center of the circle is not a point on the curve. 
e Center of the circle is the mid point of the diameter. 


e All the points on the curved path are at a constant distance from 
the center and their distances are called radii. 





8.3.2 Draw a Circle Passing Through Three Non-Collinear Points 


A,B and C are three non-collinear — 
points. We are going todrawa 
-circle through points 4,B and C. 


_ Steps of Construction:- 


Take any three non-collinear 
points 4,B and C. 


1- Join A with B; B with C and 
C with A, to make a triangle 


ABC as shown in the figure. 


2- Draw the right bisectors of 
the sides AC and BC at 
points F and E respectively 
of A ABC. 


3- These bisectors meet at point “O”. 


4- Taking * ‘O” as the center and radius equal to the length 
mOA=m OB=m OC , draw a circle passing through A, B and C. 


8.3.3 Tangent to a Circle 


> Draw a tangent to a circle from 
a point on the circumference. 


Steps of Construction:- 


1- Draw a circle of radius 2cm 
with center at “O”. 


Take a point “A” on the 
circumference of a circle with 


mOA=2cm. 


With the help of the compasses construct an angle OAC of 
measure 90° at point 4. 


No 
' 


(o%) 
1 


4- AC is the required tangent line to the circle. 
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> Draw a tangent to a circle from a point outside the circle. 


Steps of Construction:- 


1- Draw a circle of radius 2cm with center at “O”’. 
~2- Take a point P outside the circle. 
3- Join O and P and bisect OP at A. 





4- Draw a circle of radius mOA=m AP with center at “A ” intersecting 
the given circle at points B and C. 


5- Join P with B and produce it. 
6- PB and PC are the tangents from point P to the given circle. 
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8.3.4 Drawing Tangent to Two Equal Circles 


Direct Common Tangent or External Tangent 


If the points of contact of a common tangent to the two circles are on 
the same side of the line joining their centers, then this common 
tangent is called direct common tangent or external tangent. 


> Draw direct common tangent to the two circles having same 
radii 2cm having their centers 5cm apart. 


Steps of Construction:- 
1- Draw a line-segment AB of length 5cm. 
2- With A and B as two centers draw circles of radius 2cm. 
3- Draw mZ BAE =90° and mZ ABD=90°. 

















4- Draw line segments AZ and BD through P and QO respectively. 


5- Draw a line intersecting the two circles through P and O 
respectively. 


6- FG is the required common tangent to the given two equal circles. 


Transverse Common Tangent or Internal Tangent 


If the centers of the two circles lie on either side of the common 
tangent then it is called transverse common tangent. 


> Toconstruct transverse common tangentto two circles. 


Two circles of radii 3cm and 2cm have their centers 10cm apart. 
Draw transverse common tangents. 


Steps of Construction:- 


Distance between the centers = d= 10cm, radius = R =3cm and 
radius =r =2cm. 
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4- Draw AB = 10cm : { 
2- Draw circle C, of radius 3cm with “A” as center. 
3- Draw ‘circle C, of radius 2cm with “B” as center. 
4- Draw circle C; of radius 5cm with “A” as center. 
5- Taking M as a mid point of AB draw a semicircle. 
6- Draw tangent BX to the circle C; from point B. 

7- Join A to X (AX intersects circle C, at point P). 

8 


From point B, draw BS||AP (by using set square). 
9- BS intersects circle C, at S. 


- 10- .. PS is a transverse common tangent to the circles C, and C,. 


oo 
e 
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3.5 Drawing Tangents to Two Un-Equal Circles 
Direct Common Tangent or External Tangent | 


> Draw direct common tangent or external tangent to two un-equal 
circles. ; 


Steps of Construction:- 


1- Draw a line.segment C,C, =6cm. 








2- With centers at C,andC, draw circle of radius 2cm and Icm 
respectively. 

3- Extend the segment C,C, to the right side. 

4- From points C, and C, draw two parallel lines CA and C,B such 
that ZC,C, A is an acute angle. 

5- Join the points A and B extend it to D. 

6- Draw a bisector of C,D through C,. 

7- Taking C,as center and CC, =CD radius, draw a circle intersecting 
the circle with center C, at 7,. 

8- Draw a line joining the points D and 7, and touching the circle 
with center C, at 7,. 


9- The line 7,7, is the direct common tangent to the given circles. 


Transverse Common Tangent or Internal Tangent 


> Draw common tangent or internal tangent to two unequal circles. 


Steps of Construction:- 


1- Draw a line-segment 6cm long with C, and C, as its end points 
(mC,C, =6cm). 
















2- Taking C, as center draw a circle of radius 2cm. 


3- Taking C, as center draw a circle of radius J.4cm. 


4- Divide C,C, in the ratio 1.4:2 (ratio of radius of the given circles)at point B. 


5- Bisect the line-segment BC, at point D. 


6- Taking D as center and mBD = mDC, = radius, draw a circle 
intersecting the circle with center at C, at point C. 


7- Draw a line through C and B and touching the second circle at A. 
8- AC is the transverse tangent to the given circles. 

8.3.6 Drawing tangents 
Tangent to Two Unequal Touching Circles 

> Draw a tangent to two unequal touching circles. 

Steps of Construction:- 


4- Draw two circles of radius 3cm and 2 cm touching each other at 
point C. 





2- Drawm ZACD=90" at point C. 

3- Draw DE through C, which is perpendicular to AB. 

4- DE is the required common tangent to the given two unequal 

touching circles. 

Tangent to Two Unequal Intersecting Circles 
> Draw a tangent to two unequal intersecting circles. 
Construction:- 

1- Draw a line-sgment C,C, of length 4cm. 


2- Taking C, and C, as centers, draw two circles of radius 3cm and 
2cm intersecting at points 4 and B respectively. 


3- Taking C, as center draw a circle of radius 3cm —2cm = Icm. 








Bisect the line-segment C,C, at O. 


Taking O as center and mC,O=mC,0= radius , draw eRe y: 
intersecting the inner circle at point ESS ; pene 


oe 


Join the point C, to Z and extend it to intersect the concentric 
circle at F. 


Draw a line from C,, parallel to CF F intersecting the circle with 
center C, at point G. 


Draw a line joining the points F and G. taal Set 


The line FG is the direct common tangent to wo unequal 
intersecting circles. 


EXERCISE -8.1 












Draw a triangle ABC in which mBC = 5:4cm, mAB & ie and 
mAC = 3.9cm. Find the in center. Rei ies 


Sem. Draw the perpendicular bisectore of its sides, = 


~ Draw.an equilateral A ABC in which mAB = a 


_ Construct a A ABC in which "BOE 5. dem, mZB 
= 55°, Find the centroid of the triangle. 








9- Construct a rectangle whose adjacent sides are 4cm and 3cm. 






~ 10- Construct a rectangle whose one side is 6cm and an adjacent 
~__. diagonal of 9cm. 





Tl- Construct a square whose one side is 5cm. 





"12- Construct a square whose one side is 3.5cm. 





13- Construct a rectangle whose two adjacent sides measure 5cm and 
4cm and their included angle is 90°. 





14- Draw a rectangle whose one side is 8cm and the length of each 
diagonal is /0cm. 





15- Draw a rectangle ABCD in which m AB = 6.5cm and m AD = 4.8cm 
and m ZBAD = 90°. Measure its diagonals. 









16- Name the following quadrilaterals when: 
(i) The diagonals are equal and the adjacent sides are unequal. 







(ti) The diagonals are equal and the adjacent sides are equal. 





(iii) All the sides are equal and one angle is 90°. 





____ fy) Allthe angles are equal and the adjacent sides are unequal. 







' Construct a rectangle with sides /0cm and 6cm. 





ides equal in length. . 
des is equal to the other. 





20- Draw a circle with center O and radius Scm. Explain the steps 
necessary to draw a segment of the circle. 





21- Draw a circle with center O and any radius. Draw the EET 
and shade oné semicircular region. 


22- Show four angles in a semi-circular region of question 27. 


23- Drawa circle of radius 2cm with center O. Drawa ishord and shade 
the portion showing major arc. 


24- Draw a circle of radius 2.5cm with center at O. Draw a chord and 
shade the portion showing the minor arc of the circle. 





25- Draw a semi-circle with diameter 4cm and center at O; 


~ 26- Draw a circle passing through the vertices of a square of side 3cm. 


27- In aright triangle ABC , mAB = 3cm and mBC = 4em a h right 
angle at B. Draw a circle through 4, 2 and Ges a é 


28- Draw a circle passing through the three vertices of an vequlateral 
triangle with length of each side 4cm. : 


. 





243 


Encircle the Correct Answer. 


- he number of medians in a triangle is: 
(a) 1° (b) 2 
@ 3 () 4 


The number of altitudes in a triangle is: 
(a) 1 (o) 2 
_() 3 (i) 4 


The number of angle bisectors in a triangle is: 
ete. (b) 2 
() 3 () 4 


The number of perpendicular bisectors of the side of a triangle is: 


(a) I (t) 2 
() 3 (d) 4 


The angle bisectors of a triangle are: 


(a) concurrent (b) collinear 


(c) perpendicular _ (4) non-concurrent 


The medians ofa triangle are: 
(8) concurrent _ (b) collinear 


a) non-concurrent zi W 4 


5 ‘The altitudes -of a tiangle are: 
. & concurrent -(b) collinear 7 
@ non-collinear, = (5 


(b) altitude 
(d) side bisector 





9. Aline joining one vertex of a triangle and perpendicular to its 
opposite side is called: 


(a) angle bisector ’ (b) median 
(c) altitude (d) side bisector 


¥ 


10. A line coplanar with a circle and intersecting the circle at one ~ 
point only i is called: 


(a) tangent line (b) median 
(c) altitude (dq) normal line 


Z/- Fill in the blanks: 


. |. The altitudes of a triangle: are 
2. The medians of a triangle are 
3. The angle bisector of a triangle are 


4. The perpendicular bisector of the three sides ofa triangle 
are 


5. The line joining one vertex of a triangle and perpendicular to its 
opposite side is called re ofa tangle. 
5 

6. Aline joining one vertex of a triangle to the midpoint of its “i 
opposite side is called _-__-__—_—oof a triangle. ete OES ton 


“4 
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8. Evy triangle has 


9. Every triangle has - 


10. Every triangle has 





SUMMARY 


1- An angle bisector of a triangle is a line segment that bisects an 
angle of the triangle and has its other end on the side opposite to 


that angle. 
2- Every triangle has three angle bisectors, one for each angle. 


3- An altitude of a triangle is the line segment from one vertex, 
_ perpendicular to the opposite side. 


4- Every triangle has three altitudes, one from each vertex. 


5- Aline-segment which bisects any side of a triangle and makes a 
right angle with the sides at its mid point is called the perpendicular 


bisector of the side of a triangle. 
6 Every triangle has three perpendicular sides bisectors, one for each 
side.. 


7- The point at which the three angle bisectors of a triangle meet is 
called the incenter of the triangle. 


8- The point at which the three altitudes of a triangle meet is called the 
orthocenter of the triangle. . 


9- The point of intersection of the three perpendicular bisectors of the 
gies of a triangle is called the circum-center of the tiangle. 


30. The point at which the three medians of a triangle meet i is.called 
' the centroid of the triangle. 


f 11- Aline coplanar with a circle intersecting the circle at one point only 


is called the tangent line to the circle. 








UNIT 


Areas and Volumes 


Pythagoras Theorem 
> Area 
> Volume 


After completion of this unit, the students will be able to: 


» state Pythagoras theorem. 
> solve right angled triangle using Pythagoras theorem. 


> find the area of 


« A triangle when three sides are given (apply Hero’s formula), 

e A triangle whose base and altitude are given. 

e An equilateral triangle when its side is given. 

« Arectangle when its two sides are given. 

e Aparallelogram when base and altitude are given. 

e Asquare when its side is given. 

Four walls of a room when its length, width and height are given. t 


> find the cost of turfing a square/rectangular field. 
> find the number of tiles, of given dimensions, required to pave the footpath of given 
width carried around the outside of a rectangular plot. 
> find the area of circle and a semi circle when radius is given. 
> find the area enclosed by two concentric circles whose radii are given. 
> solve real life problems related with areas of triangle, rectangle, square, parallelogram and circle. - 
> find the volume of: 
« Acube when its edge is given. 
e Acuboid when its breadth and height are given. 
e Aright circular cylinder whose base radius and height are given. 


e Aright circular cone whose radius and height are known. 
e Asphere and d hemisphere when radius is given. 


- » solve real life problems related to volume of cube, cuboid, cylinder, cone and sphere. 





SUMMARY 


1- An angle bisector of a triangle is a line segment that bisects an 
angle of the triangle and has its other end on the side opposite to 


that angle. 
2- Every triangle has three angle bisectors, one for each angle. 


3- An altitude of a triangle is the line segment from one vertex, 
_ perpendicular to the opposite side. 


4- Every triangle has three altitudes, one from each vertex. 


5- A line-segment which bisects any side of a triangle and makes a 
right angle with the sides at its mid point is called the perpendicular 


bisector of the side of a triangle. 
6 Every triangle has three perpendicular sides bisectors, one for each 
side.. 


7- The point at which the three angle bisectors of a triangle meet is 
called the incenter of the triangle. 


_ 8- The point at which the three altitudes of a triangle meet is called the 
orthocenter of the triangle. 


9- The point of intersection of the three perpendicular bisectors of the | 
pics of a triangle is called the circum-center of the tingle: 


|. 10- The point at which the three medians a a triangle meet i is. called 
_ the centroid of the triangle. 


feline coplanar with a circle intersecting the circle at one point only 
is called the tangent line to the circle. 





Areas and Volumes 





> Pythagoras Theorem 


> Area 
> Volume 


After completion of this unit, the students will be able to: 


» state Pythagoras theorem. 


> solve right angled triangle using Pythagoras theorem. 
» find the area of 


e A triangle when three sides are given (apply Hero’s formula), 

e A triangle whose base and altitude are given. 

e An equilateral triangle when its side is giyen. 

« Arectangle when its two sides are given. 

« A parallelogram when base and altitude are given. 

e Asquare when its side is given. 

Four walls of a room when its length, width and height are given. f 


> find the cost of turfing a square/rectangular field. 
> find the number of tiles, of given dimensions, required to pave the footpath of given 
width carried around the outside of a rectangular plot. 
> find the area of circle and a semi circle when radius is given. 
» find the area enclosed by two concentric circles whose radii are given. 
> solve real life problems related with areas of triangle, rectangle, square, parallelogram and circle. - 
> find the volume of: 
« Acube when its edge is given. 
e Acuboid when its breadth and height are given. 
e Aright circular cylinder whose base radius and height are given. 


e Aright circular cone whose radius and height are known: 
e Asphere and a hemisphere when radius is given. 


* > solve real life problems related to volume of cube, cuboid, cylinder, cone and sphere. 





9.1 PYTHAGORAS THEOREM | 


Pythagoras Theorem :- 


The square of the hypotenuse of a right triangle is equal to the sum 
of the squares of the two sides. 


co =a +b 





_ EXAMPLE-1 
The sides of a right triangle are 5cm and 12cm. 


_Find the hypotenuse. 
SOLUTION: Given: a= 5cm, b = 12cm, 
Let the length of hypotenuse be c. 
Then by pythagoras theorem. 
ce? =a" +b" = 
= (57 +(127 
_ = 25+ 144 = 169 


c= 13cm _ 





Rear © 
-, 





EXAMPLE-2 


A 25m ladder leans against a house with its foot 15m from the 
house. How far is the top of the ladder from the ground? 

Cc 
SOLUTION: Given: a = 15m, c= 25m 


Let b represents the desired distance. 


Then g?4b2 =c? 
. Ny 


b? ere oS b=? 
= (25) -(15) 
= 625-225 4 ore B 
= 400 

b =20m 


EXAMPLE-3 


If 30,72,78 represent the lengths of the sides of a tangle. 
Is triangle a right triangle? 


SOLUTION: Given: a = 30, b=72, c= 78 
We have pythagoras theorem, it states: c? =a* +b? 
RAS = a2 +b? =(30) +(72) 


= 900+ 5184 
= 6084 


LHS= c* =(78)7 
= 6084 . 
RAS =LHS 
_ Thus triangle is a right triangle. 





sg lie a reg N 


fad 


= 2S 





~ SOLUTION: 


EXAMPLE-4 _- 


The sides of a triangle are of lengths 6cm, 4.5cm and 7.5cm. 
Is this triangle a right triangle? If so, which side is the hypotenuse? | 





The three sides of the triangle are given to be 6cm, 4.5cm 
_and 7.5cm. The triangle will be a right triangle if it satisfies 
the condition of Pythagoras theorem 
67 +45? =7.57 
Now (6)? +(4.5)? =36 + 20.25 
=56.25 =(7.5) 


Since the relation 6? + 4.5° =7.5° is satisfied, therefore, the 
triangle whose sides are 6cm, 4.5cm, 7.5cm is a right 
triangle. 

Also 7.5? =67 +457 * 

.. The side of length 7.5cm is the hypotenuse of the triangle. 


















Find the hypotenuse of a right isosceles triangle whose legs are cm. ~ 





5- If the numbers represent the lengths of the sides of a triangle, which ° 
triangles are right triangles? 
() 3,45 
(ii) 9, 17, 25 
(iii) 11, 61, 60 


AABC is right angled at C. If mAC = 9cm and mBC = eens find the 
length 4B, using Pythagoras theorem. 


The hypotenuse of a right triangle is 25cm. If one of the sides is of 
length 24cm, find the length of the other side. 





A ladder 17m long when set against the wall of a house just 
reaches a window at a height of 75m from the ground. How far is - 
the lower end of the ladder from the base of the wall? 


The two legs of a right triangle are ence and the square ai the. : 
hypotenuse is 50. Find the length of each leg. 


10- The sides of a triangle are 156m: Aegu and'39cm. Show that iti is. ao 
right angled triangle. 


9.2 AREAS 


The surface inside the boundary of a shape is called area. 











9.2.1 The Area of a Triangle 
Area of a Triangle when all the three sides are given 


A triangle ABC with sides a,b,c and 


+bh+ 
-2 =atb+c => $= ame 


Quoiales-Adoo 





uek9 


Then area of any triangle is J = JS(S —a) (S—b) (S—oc) 


This is called Hero’s Formula for finding the area of a triangle. 


EXAMPLE Find the area of a triangle whose sides are 5,12 and 13. 


SOLUTION: Given: a=5,b=12,c=13then 


MOUS, Bueiey 


2S=atb+c 
2S=5+12+13=30 => S=15 
S-a=I5-5=]0, 
S-b=15-12=3, 


wee 







S—c=15— 73 = 2 








Note:- In this case, the triangle is a right triangle with base 5, 
altitude 12 and hypotenuse 13. 


Hence area (A) = 5 x (base) x (altitude) 
=5 (5) (12) = ° A=30 square unit. 


Nofe: Area of a triangle is denoted by A. 





Area of a Triangle when base and Altitude are given 


Draw any triangle ABC as shown 
in the figure. Let BC be its base 
and let AL 1 BC. Then AL is the 
corresponding altitude. Through ‘ 
A and C draw line parallel to BC 
and BA respectively, intersecting 
each other at a point D. Then, 
clearly ABCD is a parallelogram 
with base BC and corresponding 
altitude AL. ° 





Area of AABC = : (Area of Parallelogram ABCD) = 5 (BCx AL ) 


= <(oxh) (where b is the base and /.is the altitude.) ~_ 


« 


{ 
3 Thus, we have ‘drea of A = 5 x Base x Altitude - ; : 
5 - . | 





EXAMPLE-1 Find the altitude of a triangle whose ‘base is 16 cm 
and area is 34cm ; 

SOLUTION: Altitude of the triangle = “ae | 
: ase 


REI 


i 2 x Opposite to | 
Here area = 34cm* and base = 16cm | | angle in a 








ae -- 
A 


4 ; 
bed : epee a “ae 
4 * Bee ye Seer Des 
“e EXAMPLE-2 Find the area of triangles whose 
‘5 (i) base=18 cm, altitude = 3.5 cm 
g _ (ii) base = 8 cm, altitude = 15 cm 
F SOLUTION: 
Eyl x base x altitude 


e 


i) We know that area of a triangle = 5 


=5x18%3.5 EBT scm? 


-(ii) Area of a triangle 5 x base x altitude 


Sx 8x15 = 60cm? 


Area of on Equilateral Triangle when its side is given :- 






In an equilateral AABC,a = b =c. 
at+at+a 3a 


iheretore, S = 22 Pe" e 24 
_ 2 2 












Area of a Rectangle when its two'sides are given they pects eae: 


Consider a rectangle as shown in the figure. 





Length of the rectangle = t 
Width of the rectangle = b. 


The utes ofa rectangle i is equal to the product of its length and width. - 


9 A 
wh 


“08 nattt. ooo eas 
D b Q ae Sipead ee 


Area of a Parallelogram when base and Altitude are given:- , ary vt! oe 


The area of a parallelogram is-equal to the product of base and the 
altitude drawn to the base. : 








Area of a Square when its side is given:- 


| 

| 

| ~ The area of a square ABCD is 
equal to the square of one of its 
sides. 


A = Side x Side 
=SxS = S? 


Side=S=VA 








‘Area of four Walls of a Room: 
We c can vfind the area of four walls of a room when its length, breadth 
‘and height are given. 


Let length of theroom=¢ |” a fem) 
Width of the room =b 6 


Height of the room =; ¢ 
____ Area_of four walls = hxt+bxh+hxt+bxh 
Se aS = 2(hxt)+2(bxh) = 2(hxt+bxh) 
= Th(t+b) 


- 


_ EXAMPLE The length, width, and height of a room are 5m, 4m, 3m 
Bt deus respectively. Find the cost of white-washing on all the 
walls of the room at the rate Rs 7.50 per m’. 









walls = Wa +b) x ie x +4) x 3 





18x 3 = 54m? 






















AREAS AND VOLUMES 


Things to Remember: 











1- Area of rectangle = (Length x Width) 


2- Diagonal of a rectangle = (Length)? + (Width) 


3- Perimeter of a rectangle = 2(Length + Width) 


4- Area of asquare = a’ nal 
=7,g0! 
where a = side of the square De 


5- Diagonal of a square = V2a 








Area of a square = 5 Diagonal)? 







Perimeter of a square = 4 x Side 


9.2.2 Areus of Rectangular and Square Fields 


Rectangular paths are generally around (outside or inside) a raclanguler 
field or in the form of central paths. We shall explain the method to 
calculate their areas through some examples. ; 


EXAMPLE-1 
‘A rectangular field is of length 40m and width 25m. 
Find the toa! cost of turfi ing the field, if the cost of turfing the field is 


Rs. 16per m? D 


SOLUTION: Let us represent the field by 
rectangle ABCD as shown in 
the figure. 


Length of the rectangular field =40m 4 
Width of the rectangular field = 25m 
Area of the rectangular field = A=txb=40x25=1000 m? 





Rate of turfing = Rs. 16per m? 


Total cost = 16x 1000 = Rs. 16000 
° 257 








The boundary of a square field with side of 60m. 


ei Find the area of the field. 
" Also find the cost of turfing the square field at 
" ’ the rate of Rs 5.00 per m? 
D C 
: 
5 60m 


A 60m B 














SOLUTION: 


Let us represent the square fi field by ABCD as shown in 
figure. © 


Bh. Length of the side of the square fi Ba = 60m 
: 2 Area of the square. A= side x side 
= 60x00 

Be: = 3600? 

) g the square field = Rs. Sper m’ 
f square field = 3600x5 

= 18000 rupees 





\REAS AND VOLUMES 


EXAMPLE-3 


Two cross roads, each 2m wide, run at right angles through the 
center of a rectangular park of length 72m and width 48m such . 
that each is parallel to one of the sides of the rectangular field. 
Find the area of the roads. Also find the number of tiles required 
to beautify this road where each tile having area of 4 m’. 


D P 


~ 
fo) 


nn 
ed 
3 
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SOLUTION: 


In figure, rectangular field ABCD represents the park and 
rectangle PORS and EFGH represent the roads. 


Area of the roads = Area of PORS + Area EFGH — Area of KLMN 


= [(48 x 2) + (72 x 2)- (2 x Dm? 


(96 + 144 — 4)m? 


“236 m? 


236 pias 
.. Number of tiles required = re 59 tiles 














9.2.4 Area of a Circle 


The circumference of circle = 2nr 
where the radius of the 

circle is ‘r 

Area of a circle =r? 


Note: In examples and exercises, where 1 is not specified, 
use the value stored in the calculator. 


EXAMPLE 


. Find the area of a circle whose circumference is 52cm. 
Give your answer in terms of 1. 


SOLUTION: 
Circumference = 2nr = 52n 
SZ = 52 
=> r= 26cm 
Area = nr? 
= 7 (267 
= 676ncm’ 
Area of a Semicircle:- 


A semicircle is half of a circle, 
bounded by a diameter and half 
of the circumference. 

Also a sector with an angle 

of 780° at the center of the circle 
is a semicircle. 


In the figure, _ ‘ 
‘ Length of arc PQ S of the circumference of the circle. 


Area of sector PRO 


7 of the area of the circle. 


- ‘Area of semicircle = J (nr’). 











AREAS AND VOLUMES 





2. 2a of Concentric Circle 


ebay bate’ see 


Circles with same center but 
different radii are called 
concentric circles. In the figure, 
c,, ¢,are two concentric circles 
with same center ‘O’ but different 
radii 7, andr,. 





EXAMPLE 


Find the area of the washer shown below, whose outer 
diameter is 6.4cm and the diameter of hole is 3.6cm. 


(Tae t to be 2) 





TIN. 


External diameter of washer is 
2r, =6.4cm 





External radius of washer, r, = a 
= 3.2cm 
3.6. 


Internal radius of washer 


h= rey = 1.8cm 


“The area of the washer mr, — my 

= 1(3.2)cm? - n(1.8)!cm? — 
= x[(3.27 - (1.8) Jom? 

= n(10.24—3.24)em? 

= (mx 7)em* 


= x7 = 22cm" ; 





2- 


s 
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EXERCISE — 9.2 


A verandah 40m long, 15m wide is to be paved with stones each 
measuring 6m by 5m. Find the number of stones. 


How many tiles of 40cm? will be required to pave the footpath Jm 
wide carried round the outside of a grassy plot 28m by 18m ? 


Find the area of a room 5.49m long and 3.87m wide. What is the cost 
of carpeting the room if the rate of carpet is Rs 10.50 per m*? 


The area of a rectangular rice field is 2.5 hectares and its sides arein 
the ratio 3:2. Find the perimeter of the field. 


The area of a square playground is 4500 m?. How long will a man 
take to cross it diagonally at the speed of 3km per hour ? 


The diagonal of a square is 14cm. Find its area. 


Find the area ofa triangle whose sides are. 
() 120cm, 150cm and 200cm 
= w 50dm, 78dm and 11 2dm * 





i ont. 
foced w¢£H mwas 
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10- Find the area of the following washers whose external and Internal 
diameters are: 


(i) 15Semand 13cm (ii) 1.2mand 0.9m 
(iii) 40mm and 33mm. 


1]- Find the area of the shaded region. 





a SE 


12 Find the area of an equilateral triangle whose side is 8m. 
13- The side of an equilateral triangle is 6cm. Find its area. 
14- Find the area of the right triangle with legs /2cm.and 35cm. 


15- The base of a rectangle is three times its altitude. The area is 
147cm?, Find the dimensions of the rectangle. 


16- Find the base of the parallelogram whose attitude is 18cm and | 
whose area is 3m’. 2a 
17- The area of a parallelogram is 144m’, Find the altitude 
2m long. a ‘ 







18- Find the area of the rectangle 2m long an 

















9.3 VOLUMES 


In this topic we study some figures which are not plane. The simplest of 
these figures are cubes and cuboids. These figures do not lie completely 
inaplane, such figures are called solids, (three dimensional figures). 





Cube and Cuboid 


Cube :- 
A six faces figure, with same 
length, breadth and height is 
called a cube. : 


The given figure is a cube, 


Length of the cube = ¢ 
Breadth of the cube = 5 
Height of the cube = /.- 





where 6="b = h, 
i .  __ therefore, 
4 . Volume of a cube =V =¢xéxé 
a3 a or V = £3 cubic unit 
ah oe . Fe 

oe EXAMPLE 







d the volume of the cube whose edge is 8m. 


sdge of the cube = 8m 
eae 








AREAS:AND VOLUMES 


Cuboid :- 






A six faces figure which has 
length, breadth and height is 
called cuboid, 

(or rectangular parallelopiped). 


Figure (ii) represents a cuboid. 


The length, breadth and height 
of a cuboid are usually denoted 
by the letter symbols ¢ ,b. and h 
respectively. Length, breadth 
and height of a cuboid are also 
called the three dimensions of 
the cuboid. 


Volume of a cuboid of length ¢, breadth 5 and height h is 
V=Lxbxh 


EXAMPLE 


Find the volume of a block of wood whose 
length, breadth and height are respectively 
10cm, 5cm and 3cm. 


SOLUTION: 

Given: 
Length of the block of wood = 10cm 
Breadth of the block of wood = 5cm 
Height of the block of wood = 3cm 
V=Lxbxh 

=10x5x3 

=150.cm? 














Volume of a Cuboid and a Cube :- pea 
1- Length, breadth and height must be expressed rf 4 
in the same units. ; | v et aa 
2- From above formula, we also observe that: 


Heighth = 


¥ pare 
Lengthg = bu Breadth b Pan | 







v piel 
&xb La He 








Volume of Right Circular Cylinder :- 


The volume of a cylinder of base 
radius ‘r’ and height ‘h’ is given 


by. 
Volume of a cylinder = Area of base x height = nr? xh 
Volume =mr7h - 


EXAMPLE-1 
Find the radius of the ret with volume 12320 cm? 
and height 20 cm. 
-SOLUTION: Given v=12320cm’, h=20cm, r=? 
v=nxrxh=> rr = — 
th 
2_ 12320 _ 12320x7_ 616x7 = 196 


r= = = | 
2259 22x20 22 | 
| 














Right Circular Cone :- 


Acone is a solid defined by a 
closed plane curve (forming the 
base) and a point outside the 

._ plane (the vertex). A right circular 
cone can be generated by 
rotating the right-angled triangle 
BOA as shown in fig(i) about OB, 
which represents the height of 
the cone. The base of the cone 


is a circle with radius OA. 
B is the vertex of the cone and BZ is the slant peat 


Volume of a cone = ix area of basex height 











EXAMPLE 


A cone has a circular base of radius 14cm, a height of 48cm, 
calculate the volume ofthe cone. ~ 


22 
Take n to be — 
SOLUTION: G ie 7 | 


Given radius of the base =r= 14 cm 
Height of the cone =h= 48cm 


Volume of the cone = 1 ak 


3 


dal eel Wes 
3x7 4! x48 Cie 


Lees iB 
3 7 


= 9856cm? 
Sphere :- 


A sphere is a body or space bounded by surface where every point 
on the surface is equidistant from a fixed point with in it. The fixed 
point is called the center of the sphere. The distance of every point on 
the surface to the fixed point is called the radius of the sphere. This 
radius is usually denoted by ‘7’. 





AREAS AND VOLUMES 





Hemispheres :- 
If a sphere is cut into half, the two portions are called hemispheres. 


EXAMPLE-1 
Calculate the radius of a sphere of volume'850 m’take n to be 2 


CAIITION 
SULUTIUN: 


Volume of the a sphere = 850m? 


Radius =? 
Now V= ae 
3 
rn | 3V i 5 3x 850x7 
4u 4x22 


=r? = 202.8409 
1 


=> r = (202.8409)? = 5.88m 


EXAMPLE-2 
Find the volume of a sphere with radius: 3.5cm. 


SOLUTION: 


. Radius of asphere =r=3.5cm 


Volume of a sphere = V = ; wr? 


“x 3.142 (3.5) 


Il 


“x BUA 35x 3.5x3.5 


179.6 cm? 


(= 





Some Standard Units of Volumes :- 
If we take a cube of side Jcm or Imm or Im as a standard 
unit of measuring volumes, then we express the volume as: 
cubic centimeters: (my 
cubic millimeters: (mm) 
7 aids = eubic meters: (m)> 
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ite Problems Related to Volume 


A solid region has a magnitude or size or measure. The measure or 
magnitude of a solid region is called its volume. 


In other words, the measure of the space occupied by a solid is called 
its volume. 


For example, consider the real life problems. 


1. Arectangular overhead tank is built for storage of water. The 
greater the volume the more water can be stored. 


2. Arectangular tin box is to be made to store oil. The greater the 
volume of the cuboidal region, the more is the quantity of oil it 
can store. 







Remember that: 









As Icm= 10mm, 
Therefore, Icm’ =10x 10x 10mm" 
Icm? = 1000 mm? 


Im? = 100 x 100x 100 cm? 
- = 1000000 cm? 

Also In? = 1000 1000 x 1000 mm* at toes! 
ret BG Refs isi 

ys eae SATIS 4 OA 


3- For measurement of clnres of liquids, — 
we use the terms liters (0) and LUD Sel 8 


lem? =Ime- 
_ 1000.cm* =i : 









SSK a 














i 


EXAMPLE-1 


_ Find in liters, the volume (capacity) of a storage tank whose length, 
_ breadth and depth are respectively 6.3m, 4.5m and 3.6m. 


* ~ SOLUTION: 
Px es Length of the tank =6.3m 
; Breadth of the tank =4.5m 
Height of the tank = 3.6m 
Volume of the tank = £xbxh=6.3x 4.5 x 3.6m’ 
= 102.06 m’ 
Volume of the tank (m° ) = 102.06 x 100 x 100 x 100 
= 102060000 cm? 


=102060 litres (..1000cm? = I litre) 


EXAMPLE-2 
Capacity of a tank is 60kl. If the length, breadth of the tank are 
respectively 5m; and 4m, find its depth. 


—.  sotumion: : , 
_———s«Woilume of the tank =~ = = 60k t = 60000 liter = 60m? 
ena otthe tank 





=5m 









=4m 
- . ; d 
_ =length x breadth x depth 


wes ~ volume 
length x breadth 








Find the Volume of the Solids 


1- 


A cube of aside 4cm. 
A cube whose total area is 96cm? 


Arectangular box with tenth 4m breadth 3m and height 2m. 
Right cylinder, with radius of base 4cm, altitude J0cm, use ile 


Circular cone, with radius of base 3cm, altitude J0cm. 


Sphere, with radius 3cm. _ 


Right circular cylinder, with circumferences of base 4cm, altitude Im. om 


Cone with altitude 9cm, radius of base 6cm. 


- Review Exercise-9 


Encircle the Correct Answer. apie ni * 


_ If the square of the hypotenuse of a Hane ianeten is equal to ies 


the sum of the squares of the other sides, it is called: Pie om 


(a) Pythagoras theorem (b) Scalene Glens No anaes 


(c) Equilateral triangle () Isosceles triangle 


_ Area ofa triangle when all the three sides are given 


(a) Joh 





Review Exercise-9 


4. Area of a rectangle is: 
(a) Ixb 


ale y| 
(c) zeité 


Area of a square with side ‘S’ is: 

(a) § (b) 4S (6) 
Area of a circle with radius ‘7’ is: 

(a) r? (bt) 2nr (c) 


Area of a semi-circle is: 
pate? 
gars () mr? (o) 


8. Volume of a cube with edge ‘7 is: 
NONE (6) 31 () 
r Boliine of a right eeu cylinder is: 


tr2h 
(b) 5 


(9 Snr? 


‘the hypotenuse of a right triangle is equal to 
of the sides, then it is called__-__ theorem. 


the Boundary c of a | shape is called 


paed203) 





7. Area of a circle = 
8. Volume of a cube with edge ‘/’ is 
9. Volume of a cuboid = 


10. Volume of a right circular cone = 


SUMMARY . 


Pythagoras: Theorem: The-square of the hypotenuse ofa right triangle 
is equal to the sum of the sauatea of we) o legs. 


Area: The space inside the boundary of a shape. 


Area of a Triangle: 4 = 5 x base x altitude 


Area of a Triangle: 4 = s(s—a)(s—b)(s=c) ~*~ aad pepe: i 


GLH GH ,a,b,care ‘the sides of a triangle. 


) 


fe, 


Area of an equilateral triangle: 4 = 


Area of arectangle: A =/ength coe ‘ 
Area of a square: A =side x side. 


Area of a parallelogram: A = base x altitude, 


Area of a circle: A= 1 re “ 


. 





Circumference of a circle: C=2 nr — 
Area of a semi-circle: 4 = 5(m r?) 


Area of awasher: A= | 7/7; | 
_1, is the radius of outer circle. 
r, is the radius of inner circle. 


; Volume: The space inside the boundary of a three dimensional shape. 
Volume ofacube: V = /?,/ is the length of edge. 


“Volume of acuboid; V =/xbxh 
sions fight 4 io Wastlengihe .! wig breadth 5 A = height 
29st or Pip ameuee st : ‘ a Ai 
“Volume of aright. circular oylnder: y= =nr'h 
“he = height of the cylinder 


- r= radius of the base 


“Volume bh a right circular cone: V = ; mr’ h 


ve é si 4 nté ieseeie = he height ofthecone 


Hal outros of the =. ageHok the base 


Beg ei2 io sok 


2 


sf ME wk = Bt RID BOY 


See eee ea) ee) 





UNIT 


] 0 INTRODUCTION TO 
| COORDINATE GEOMETRY 





> Introduction To Coordinate Geometry 
> Distance Formula 
> Collinear Points 


After completion of this unit, the students will be able'to: ) 

> define coordinate geometry. 

» derive distance formula to find distance between two points given in cartesian plane: 
> use distance formula to find distance between two given points: 

> define collinear points. : 

> distinguish between collinear and non-collinear points. c 

> use distance formula to show that given three (or more) points 2 are collinear. 


> use distance formula to show that the given three non-collincar ‘points form: 
e An equilateral triangle. 
e An isosceles triangle. or? DSBS, By) Sis 
e Aright angled triangle. 
e Ascalene triangle. 
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aig are) i jee 
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10.1 DISTANCE:-FORMULA 


In 17th Century, Descartes, a French Mathematician introduced a 
plane. A set of infinite number of points, called Cartesian Plane. 
Every point in a plane can be located in terms of a pair of numbers 
related to two number axes in the plane, which are perpendicular to 


each other and intersect at the origin. 


The plane is Ealledie a cartesian 
plane, and the axes are 
designated the horizontal (OX) 


and vertical (OY) axes, or 
the y-axis and the y-axis. 


Faxes divide the 
| pinto four quadrants 
_ Bhown in the figure. 
in the plane and 
n through P 
ie the lines will 
| two points, 
| | Loordinate of M(m) 
Oi i axis is called the 
-x-coordinate or abscissa of P, 
and the coordinate of N(n) on the 
y-axis is called the. y-coordinate 
_ or ordinate of P. 









_ The two numbers (im,n) are 
called the coordinates of P with 
- respect to the coordinate axes. 
____The letters m and n stand for 
_ numbers, and since the 
__x-coordinate is always written 
first, such a pair i is called an . 
ordered pair of numbers. That is, 
the sd ae is) 101 i B same as the pair (2,3). 





TO COORDINATE GEOMETR 


Remember that: 


(i) A point in a number plane determines a unique ordered 
pair of numbers. 

(ii) With every ordered pair of numbers a unique point is 
associated in the plane. 





Since numbers to the right of the origin on the horizontal axis and 


nurrivers above the origin on the vertical axis are taken as Positive: 
therefore: 


(i) A point in the Jst quadrant is characterized by the fact that both 
its coordinates are positive. 


(ii) A point in the Jind quadrant-has its abscissa negative and its 
ordinate positive. 


(iii) A point in the TIrd quadrant has both PEERUIEUES negative. 


(iv) A point in the JVth auadeant Has its abscissa positive and its” 
ordinate negative: =~ = 


(v) Points on the axes do not lie Dl any paper 


(vi) Points on the positive x-axiS have : a positive abscissa, 
and their ordinate is “0”. 


(vii) Points on the negative x-axis have a aegaive abscissa, and 
their ordinate is “0. Rf 

(viii) Points on the positive yrents Have a positive ordinate, and 
abscissa is “0”. 


(ix) Points on the negative y-axis have a negative ordinate, and c 
their abscissa is “O. Pee eee ee 


(x) The origin has the ee ae (0;,.0)... ao Renee 


nae | 


m7 


a 











EXAMPLE-1 
_Locate (2,—4) in the co-ordinate plane. 


y-axis 


SOLUTION: 


In this problem abscissa is positive, 
therefore it would be towards 

the, right of the origin, and the 
ordinate is negative, so it would be 
below the origin, therefore the given 
point P is as shown in the figure. 








--4 P(2,-4) 


10.1.2 Distance Between Two Points 


Consider the points P(x,,y,) and O(x,,y,) in the cartesian plane as 
shown in the figure. To find the length of the segment PQ, we form a 


right triangle by drawing through P a line parallel to x-axis and through 
Q a line parallel to y-axis and let these lines meet at R (x,, y, ). 


rem, we have. 


“~ sh Bia i or riht t dt 9 § or saruisy ot 
{Rol Casta Sti) ERE FRAO + 
ng ie 
2 















[Pol = I(x, - x)? +16, - y)P - "ie 





ak NS IBAS Soe ST they Tr ae eae 

= (ty Sx] ORS yield OM soe el Meee 

. HOTT. 
Hence |PQ| = +. (x) --x,)? +: -— y;))* ie Hea 
Vecuu ST 6 Olios 4) O} Sinaia . 


As we are only interested:in the length of the segment and not in the 
direction, therefore we Only. consider the ieee sign. 


Hence distance between two aire P(e), y; ’ and Q fer. V2 i is given by: 


d=|P |= (xy — x)? + & = y,)? 









10.1.3 Use of Distance Formula. ar ole aon 
EXAMPLE-1 ' PO DE a Ae a lh 
What kind of a triangle has vertices eens } 


A(6,-2), B(1,-2) and C(-2,2)? 


SOLUTION: 


- Given A. a Eel Pe) and 4 C(-2, 2). Using sane 
Te th DTS. fret “ i % p 


re we +4 


(=2 = Ore 
: a x é ms Fara \ 


(er I + eo 6 












EXAMPLE-2 
Express by an equation the fact that the distance from P(x,y) . 
to A(2,3) is twice the distance from P(x,y).to B(3,4) 


Fi eanee SOLUTION: | 
Given A(2,3), B(3,4) and P(x,y), where P(x,y) be any point, 
According to the condition of the question. 


; [AP] = 2|BP|, using distance formula. 


Ve—2? + -3 = 2-3 +4 


Taking square on both sides 
 (-2) +(y-3) =4] &-3) +-4) | 
x 44+? —6y+9=4[ x7 -—6x+9+y’ —8y+16 | . 
x? + y? —4x—6y +13 = 4x? + 4y” —24x-32y+100 
3x? + 3y? —20x—26y + 87 =0 
EXAMPLE-3 . 


The vertices of a triangle are A(I,1), B(5,5) and C(9, 1). 
Prove that the triangle is a right triangle. 


SOLUTION: 
Given A(l, )), BG, 5) and Ce, )). using. distance formula, 


(aai- oy £G=1 VN PH =/92 
[AC |= 0-1)? += 1)? = V8? = 64 
_ [BC|= VO- 5P +(1- Be id 2 


By Pythagoras theorem, ~ 


OE + (BCl = 32 +32 
64 














10.2 COLLINEARPOINTS = aitle) S888 
10.2.1 Coilinear Points 


Collinear points are points which 
are the elements of the set of: 
points forming.a straight line. 
In the given figure (i) the points 
A,B,C,D,..... are collinear. If three ~ 
points are collinear, then one of 
. the points must be lying in 
between the other two points. 








Fig (ii) Bie 
In the figure (ii) ‘B’ is the the point in| in beeen the point 4 and C. 
In this case, | AB| + |BC| =| AC]. : Ae SS 


10.2.2 Collinear and Non-Collinear Points ©. - woh 


A line-segment is a subset of a 
line, consisting of two end points = -~¢- 
and the set of infinite number of 
points between them on the line. 











In the given figure, CDis the. line-segment: which i is, a sub-sehot i 
a line AB (or AB). The point C and D are on the line AB and are 
collinear. 


The three or more than three Sore SrIGHE are not, prese ‘eser monte 


same straight Nate are called, non-collinear ponte 





In the given figure 202 and R. -are 
non-collirear points... : 





, 











INTRODUCTION TO Coo 


oe = _ EXAMPLE- = 


% | Points A.B and C are on the number line at a distance of 
_ 1,4 and 8 units respectively from the origin: - 


Janke Find 4B, ERIS, and show that AB + BC = AC 


2 teed) (e 


COORDINATE GEOMETRY 


012345678, 








EXAMPLE-3 


aie Sea 
Show that the points A(4, oF B(-2,3) api BC6, 3) are S calnea 
SOLUTION: 

Given A(4,3) , B(-2,3) and B(-6,3). : Ait 
Using distance’ formula, wethave; ais: 8 ser od ee 


[4B|= (-2-4)? +3 37 = 36% oe 
[BC\|=(-6-2)?+3-3" = 1640 =4 
|AC|= (6-4? +-3) = 100 Ce 


Now ~|4B| + + [BC = 644. | 





=] 0 
= [Ac] 
Thus, the points A,B, and C are collinear. 


ew 


mires 


10. 2, 4 Use of Distance Formula, (for The Alomeallisas rm) 


-We use the distance formula: to show that the given ‘three: ee titcen rs 
points form:- 7 ms acks yB0e} a8 tt 5, 
>» aright angle aan Hae seae re 


> an isosceles triangle. + ~ 
> an equilateral triangle 


ascalené triangle ~~ 












- EXAMPLE-1 ( 


‘Show that the points A(-1,2) , B(7, 5) A 
Fe “and Ce, -6) are vertices of a right triangle. © b- 
SOLUTION: Given A(-1,2), B(7,5), C(2,-6).  B : y 


Let a,b,c denote the lengths of the sides BC, CA, and AB 
respectively of A ABC, using distance formula 
|PQ|= (x -x,) +(2 -y,)? 
we have 


. a=[BC|=(2-7/ +(-6-57 = V5? +17 = 146 
We) .6=(c4=J2-(-1)" +(-6- OF = \348? = V3 
Al ae ee c=[4B|= =7--1F +(+5-2) = (8 +B" = 6449 = N73 
ieee’ clearty [4B| +|CAl = o? +67 7 
x See ae .* 73 + 73 = 146 =a’ 
: i eae she roe ee : =[Bc} 
( ry Thus, ACAB, isa right triangle with right angle at A. 









that the points A(3,1) B(-2, “y and C(2, 2 are vertices f 
isosceles triangle. - 
ON: Given A(3,1) , BE-2,-3) and C(2,2).. 


c, BC lg a CA= b be the lengths of the sides - 







formula, we e have 





: asptZ. Fr ‘ he aise err ertereorateapey!. 2 
EXA MPLE ; ; 








i 
Show t tei the points A(-3,0) , B(3,0) and co, oe 5) are the ease 
vertices of an equilateral triangle. tase Ly ROA 
SOLUTION: Given A(-3,0) , B(3,0) and C(O, EAE 3). enti oe 
Using distance formula, we have, = =——s— ei aa Mb Mi 

[43] =(-3- Sie oF = IF i 6 

id= ~\e- -9 +(0- “HB ? Wei =i 6 oi 

lac = WE OF +0- iy = =i ‘6: 
Here |4B| = [BC = [4G] = emo 

a. 





ty 
ies 


That is, three sides of A ABC are equal in leicht aia iia bae eee 








Thus, A ABC is an equilateral triangle. ae ns oy EON, ied a 








Oss Hah 
EXAMPLE-4 cotta aaa 
Show that the ponte 40, } Be2, 2) 2 and dot 2a are © vertices 
of a scalene triangle. 5.3. a sda 


SOLUTION: Given sale 59 a2 ae and dC yo 





_UNIT- 10 INTRODUCTION TO COORDINATE GEOMETRY 


EXERCISE — 10.1 


=e Describe the location of these points on the number plane. 
(vy) (3,6) 


) (LO (ii) (0,4) (iii) (-2,4) 
Yy) 40 (vi) (8-8) (vil) (7.-5) (viii) (-8,10) 
- (ix) (0,- 7) &) (8-3) =e 

2- Find the distance between the following pairs of points 
) (21), (-43 (ii) (-L,3),(-2-l) 
(it) (7-4), (-2,3) (iv) (a,-b) (b,-a) 

3- Express by an equation, the fact, that the point P(x,y) is equidistant 

from A(2,4) and B(6,8). - we 
4- Show that the pelts A(5,4), BG, -3), C(-2,5) are equidistant 
from D(I,1). : 
5 Find the point on the x-axis which is equidistant from (2,4) and 


6,8). 
(Hint: call the oat. « 0). Find x.) 


_ Show that the points A(0, 4s BG, 2) and gg. 2) are vertices spf a 








I- Encircle the Correct Answer. 


1. d = J(x,-x,)’?+(,-y,)’ is called 
(a) distance formula (b) collinear points 
(c) _non-collinear points (d) equal points 


2. A point in a cartesian plane determines a unique ordered pair of: 
(a) set (b) abscissa - () ‘numbers ‘(d) - ordinate 


3. In the plane with every ordered pair is associated: - Pa 0% 
(a) aunique point (b) zero (¢). ‘two points __ @, four ae 
4. Points lying on the same line are‘called: = °°" 
(a) - non-collinear (b) collinear (c) equal - (qd) overlapping 
, ae anit tne ibabp itor ACen 


Points which do not lie on the same straight line are ‘called: 
(a) -non-collinear ~*"(b) collinear ~~ (c)’ ‘ equal’ ~' (d)' zero 


Point on the axis do not lie in any: 
(a) a plane (b) line (c) quadrant (d) circle 


The co-ordinates of the origin are: 
(—) 0 . () (L0  — () (00) = () (0,1) 


Points on the negative x-axis have negative: | 
(a) abscissa (6) ordinate ah ’ Ade 


A point in 4th quadrant has its ordinate?" © ea 


. MEE We 
(a) positive. ai ss UP negative psig? @ ain S. 


gla orl betsioogs 
10. A point in the first quadrant is characterized by the fact that sa) 
its co-ordinates are: 1 ae ih WY t anieF velniog vaealilod. i 
tive WRG ae o9) 
(a) zero (b) a al 


S(c)! hepative 2inae BM ott JON (qe ad ne 
ss ii a Hine species Tondalise.g 












- ZT- Fill in the blanks. 
ld = |x) —x,)? +6,—y,)". is called__. 
2. Apoint in a cartesian plane determines a ees ordered 
pair. of numbers. 
3. With every ordered pair is associated a_________—_—_ point in 
_ the plane . 
"4. Points lying on the same line are called _____-_____ points. 
Points which do not lie.on the same straight line are called 
te points. 
6. Points on the axes do not lie in any 
_ 7. The origin has the co-ordinates 
8. Points on the negative x-axis have negative abscissa and their 


ordinate is 
9. Apoint in the 4th quadrant has its abscissa positive and 


its ordinate 
10. A point in the first Aen is characterized Py, the fact, that both 


its co-ordinates are 















ae a same straight line 
2 r “point = 5 


Exercise 1.1] 


98 2-11 %9 4 171 5-10 & 1886 7- 80457 & 251 | 


3,3 
2 
Ii.+ 88:0 7 eee 
Sa” +3b 3x -4m°x 


2x? -x’ytxy? 
x -xytay?-y x —Tx-6 


x-2 
fs Sa 


2 
2x+3y x -y x-1 


37x +1 x -4x44 x +x" 420x 
x’ -12x+27 x? 42x x 44x—5 
3x+4 

2x+1 xe xara 


32- x-1 


Exercise 1.2 


1 3 
313 
2x? +8y? 2 50x7+18y? 3 240m —m> 5-ab me 


4x°4+9y? +4412xyt12y+8x T- 8p +12p*q+6pq-+q° 


; 2 3 
8 9p? +47 +r? +6pq+2qr+ 6pr 9- 8x" +36x"y +54xy?427y 


10- (x+ y-1)(x? +y? +2xy+x+y41) W- (4 y +4) (x" + y? —2ay—ax + dy +16) 


ise SIE Boe AS 2 
12- (2x+3y) (4x” —6xy+9y") 18+ (x+3y) (x7 —3xy + 9y”) (x—3y)(K7 43274997) 


4 (2a+b)(2a—b)(4a” ~2ab +b") (4a +2ab+b°) © 1S 4 W174 


19-133 =. 20» 118 





Exercise 1.3 
2- (i) 3V2, (ii) 35V2, 


(v) 5v3 - V5 -10+2V5 


V5 7N6 V42 


I. Oe Dae? Caer 


(iv) 30-65 + 5V2 - 10 


tLe 


(ii) (iii) 2V3(V7 - V5) 


3- (i) 2-3 


105—10/7 29(11-35) 
76 


(v) (vi) 5+2V6 (vii) 


4. (i) 2V5 (ii) 18 5- (i) 2V3 (ii) 14 


oe a (i in( =? assy? | 8- (i) 40 (ii) 36 


a-Va?-9 


Oe 


10 S(()) wees 


: “ie b2g? 
9 (i) = 


Review Exercise | 


T- Encircle the Correct Answer. 


¥-b @b Bd be 7-d 


5-d 6- a 


I- Fill in the blanks. 
1- rational number 


5 (a+b 6 (a-by 


2- rational expression 


]- a _h 


Exercise 2.1 
1- (x+y) Ga-7b) - (a—x) (x+y) 


& (x-1) (x +x-y) (x+2y) (3a—4b) 


7 i (2-6) Gio) (4-a°) (2-a) 


5(2x-1)? 


15- 5x(x—3)? 


3- 4ab 


& a+b 


(iii) 4Vi5 - 6 V6 -2Vi0 +6 


(vi) 35+7V2 +5V3 + V6 
x+y—2 xy 


x-y 
3V7 - 37-23 
3 


(iv) 


(viii) ————— 


6- (i) —2V2 (i) 10 


8- b 


4- 2(a? +b”) 


9- surd 10- 2 


(a~3) (a’ +1) 
(a—b) (2a+c) 
(4x-3a)? 


2ab(a—b) 


(a+b) (a+b+2c) ia 





Exercise 2.2 
(x+y+a) (x+y-a) 2- (2a+b+3c) (2a+b-3c) 
(x +3a+4b) (x+3a—4b) 4- (y+x-c) (y-x+c) 
(x+y+2xy) (x + y—2xy) 6- (a—2b—3ac) (a~2b+3ac) 
(x-y-a+b) (x-y+a-b) 8 (y? +2y+2) (y?-2y +2) 
(2? +8y" —4yz) (2 +8y? +4yz) 10- (x —6x+18) (x? +6x+18) 
(z’ -3z+4) (2° +3z+4) 12- (2x—y)(x- y)(2x+y)(x+y) 
Exercise 2.3 
(x +4) (x +5) ; Q- (x-2) (x+7) 3- (x—1) (x+6) 
(x -3) (x-4) 5. (x13) (x+12) 6-  (x—2) (x+1) 


(x-15) (x+6) 8 (a—17) (a+5) 9-  (7-x) (x +14) 











(y-19) (y+8) W- (x+1) (2x+1) 12- (x+1) (3x+2) 
(x-1) (2x+1) 14. (2x+3) (3x1) 15. (x+2) (12x) 
(2-x) (4+5x) 17- (u-2) Gu-4) 18- (2x-3) (5x+4) 
(x—6) (Sx-2) 20- (4x—3) (v3x+2) 


Exercise 2.4 
(2x —y) (4x? + 2xy+y?) 2- (3x+1) (9x? —3x+1) 


(1—7x) (1+7x+49x") 4. (ab +8) (a°b" ~8ab+64) 
(3-10y) (9+30y+100y")  & © (Bx—4y) (9x? Ly Oo 
(xy +z) (xy? —2yz +2") 8. (6p -7) 6p? +42p +49) 
Ox (x? +a 10- (a) ee 


iS<, 


(a—b) [1-@ +ab+6")| 


&-») ++) O? H+ wes -9t yt eps ; 





ANSWERS 


14- a-22) (es 15- (1+4u) (l—4u+16u") 
q q q 


16 (2x+3y) (4x? +9y? — 6xy -3) 17- (z+5) (z’ -5z+25) 
18 (x+y) (x? -y ty”) (X= ty") 


2 2 
19- (m+n) (m—n) (m? +mn+ n’)(m? —mn+n’) 


20- x(2x—a)(2x+a) (4x° +2ax+a°)(4x" -2ax +a’) 


21- (x-3a) (x* +3ax+9a’) 22- (x+3a) (x° —3ax+9a’) 


Exercise 2.5 


l- 3 2- -6 3--47 4-0 5--84 6-yes 7-yes 8 no 9- no 


10: yes Il-no 2-yes 13-yes 14-no 15-no  16- yes 17- yes 


no 19 k=1 20-k=1 


Review Exercise 2 


J- Encircle the Correct Answer. 
fb @ eC 3% d 4a 52-¢ & b 


JI- Fill in the blanks. 
I- one 2- two 3- three 
T- (x—2)(x°+2x4+4) 8&3 9% 11 


J- a & a Ja 10- a 


4- (x -—3) x +3) 5- (x + 1) + 3) 


6- (x+2)(x' —2x+4) 10- 0 


Exercise 3.1] 


|e ab 3 4xy*2? 4- Tab 5- 3x7? 


6 2abe 
Il- 1l+x 


8 x?-,? 9 14+3 10. x —2 
13- x+1 14- x (x + 3) 15- Sabc 


























Exercise 3.2 
le xe-x41] 2 2x? +3x-2 3- 2(x-1) 4+ 9x(x+3) 5- (x=1)7(x+1) 6- (x-2) 


T= (x—1) 8 (3x-5) 9 2x+1 10- (x43) 


Exercise 3.3 
1- 420a‘x*y* 2- 15a‘b*c* 3-- 12abe 4e x’ yz? 
5- Pg (p—4)(p+q) (p+ pqtq’) 6& (x+4)(x—4) (x? —4x +16) 
Te (x—2)(x+3) (x +1) (x=1) 8 (y+3)(y-2) (y+3)(y-3) 
9 (1+ y)(I-y) (1-2y)(y? -y +1) 10- (x-y)(x+y) (x? +y")(x* +2°y? +4) 


We (x41) (x? -x4)) (x? +.x41)? 
12- (x+y) (x7 +y) (x@-y) (2? -xy+-y?) (x4 - xy? + 4) 138 (2x43) (x1)? (+3) 


14 x7(x 43) =2) 3) 15- (x+y)? (x +29) 


Exercise 3.4 
Ie x? 41 : x’ -1 2- (x? —4),(x-3)(x° -x —4x+4) 3- 2x 41 3 2x! —x7 -1 
he 2x7 +3x—2 5 (3x—1)(8x* +6x° -15x7 + 9x —2) 


5- (3x? +8x—3);(2x” —3x +1) 3x‘ +17x° +.27x° +7x-6) 











6- (x? + 2x—3); (2x —x—5) (2x4 + x° —20x” - 7x4 24) 
7- (x1) 3 (x-1) (x4 +2° -x-1) . 
9 x7=12x435 WO. (6x°+x-2) We x44 12 (etl); @ +1) (+x -x-1) 


\ 


Ie x = 7x? +16x=12 Se x4 48x +11x7 -32x-60 _16 x —x'—4x44 
4 ] fe 


Exercise 3.5 ~ ea 
2(2a-+1) Jax +x— 30 6as ae 4 sah til 
SCM Tinion a ba ok eee 
a(a+1)(a+2) (x—2a) (x—-3a) : Py tere 


(a+b) (b+c) 


li 
a-b 


' Exercise 3.6 
Je £(4x+3y) 2 +(x—-3)(x—-4)(x-5) 3¢+(x4+1)(x+7)(2x-3) 4 +(x7 +6x44) 


2 1 1 
5- +(4x +16x+11) 6- +(x+——5) 7- +(t+--2) 8- +(x 44-2) 
XG t x 


Il- x =8 12-2 6=4 , m=10 


1 2y 


A Aaa (3x 
9 +(2x7 43x44) 10 (2 : 2» 


Review Exercise 3 
I- Encircle the Correct Answer. 


l- a 2¢ 3c 4- a 5- b 6- a 7- ¢ 8c 9- a 


Z- Fill in the blanks. 
1- two 2- two 


3- HCF 4- L.CM 5- H.CF 6- second expression 


7= 2x+1 8 x+2 9- 2x*y° 10- 6x7y7z. 


Exercise 4.1 
2- ) 3- 2 Aa) 5.2 


bi: (@ 8, (ii) 80, (i) 11, () 2 
8- 4 9- 3 10- {43 11. {9} —-12- {18} 13 {8} 


| & 3 4 
16- {13,5} -17- &} 1 {13} 19-1} «20 5} 


 15- {3 


PR 


Exercise 4.2 


Sette | 8864 a a4 























7- x>-3 . & x<-l 9- x<-10 10- wa2 We x<-21 


5 
12ex>-12— 13x26 - 14. eit 15- reals le x20 
7 ‘ 18 2 


Review Exercise 4 
I- Encircle the Correct Answer. 


l- a 2- ¢ 3- ¢ 4. ¢ §-c¢ 6- a 7- ¢ 8 a 
H- Fill in the Blanks. 





1- > 2. > or< 4e < 5. > 6- > 7- > & < 
9. < 10- < ll- < 12- > 
Exercise 5.1 
4 1 
j- —2,6 2- 1,5 3- —8,1 4- 2,3, 5. or series 7-3,-4 


Ae 3° cit a -1 
8 ee 9- ogtck 10- at M- 2,— 12- — 13- 1,— 
3 2 5 2 2°5 2 


es 2+ V2 
1+ V5 We 3:243| Mee 





14- 5427 15- 3423 . 16 

















2 
by eee 324V15 
19. SEE gq, TOENTES gg omtNmto4n op, af 23- 2417 
2 2 


4 
14. eee 25+ {13,-2} 


Exercise 5.2 


2 3 ; a 
{ht “dee 5- -5,3  & 3, 
3.) Ss 2 a + 2. 






_ I 2,3 2- 


Iw 
I et 





ikea oe . es 
Et: +2V6 9- +8 25 10. Wes ysis rr 


ANSWERS 
Exercise 5.3 | 


2- 8,10 3- 9,18 4. 5 5- 5,6 6- 12,13 


4,8 or 8,4 
Review Exercise 5 


Encircle the Correct Answer. 
2- b 3- b 4- a 5- ¢ 


6- c 7-¢ 8- c 9- b 


I- a 


Z- Fill in the blanks. 
2- quadratic formula 3- x(2x — 3) 4- {-1,3} 5- three 


1- quadratic 
8- {43} 9% (x-2)(x+2)(x7+4) 10-41} 


6- quadratic formula 7+ {2 , 3} 


Exercise 6.1 


l- 2-by-2,3-by-1,3-by-2 2- 2—by-2,3-by-3,1-by-3 


35 4- B=F,G=/J, H=K, C=E, A=D 


Exercise 6.2 


1-Row matrix = A, Column matrix = C, Square matrices = 8,D,E,F Rectangular matrices = A, C, G 
2- Diagonal matrix are A,B, C,D,E,F,G Scalar matrix are B, D, E, G, Identity is D 


i 
Bees tna es, 4 
4 19 AllZ5 AA ees A,C 5 -A,C,E 6-C 7-4 
3 n Tae C, 
Exercise 6.3 
Desay 9 2 2-1 —2 =2 1 4.9 23 


‘W(i)/3 8 11} (ii)/-1 2 -1] (wy) 1 -2 1] (ivy)] 8 19 28 
1 3.5 5 Sas gS 11 30 0 


dee -u[ue. if 
i7ilemenieoes toy |" Zhe =O 4 -B 








-1 0 
0-3 -4|,-E=[-2-53] 4 -1,2 6x= 
-2. 1 3 


7- a=2,b=-4,c=4,d=3,e=4,f=2 &, w=-1,x=l,y=7,z= -8 


Exercise 6.4 
no [hg) > unneleae 


10 
15- a=—,b =0 
7 


Exercise 6.5 
l- (i) uy—vx (ii) -13 (iii) 0 (») 5 


2- (i) singular (ti) non-singular _ (iii) non - singular 


3- (i) E A (ii) es 5 (iii) 
. {ol 0 
(vi) F | 


Exercise 6.6 eta 
I: = 2- (i) (3,1) (ii) (23) (iii) (32) (iv) (-1,5) (v) (0,2) (vi) (2,6) , 
3-(3,-1) 4. (i)(-1,2) (ii)(1,-1) (iii)(4,-1) (iv) No Solution (v)(2,-1) 


ale vi 


wf h wie 


| 5 (i) 2x-y=2,5x+2y=4 fll) S88 Did e 2) heme Narnia 
(ili) —4x+y=1,5x+4y=-1  (iv)0.8x—0.6y =1,0.6x+ DRE 2 ek ' 





Review Exercise 6 


Hah the Correct Answer. 
3- a 4-¢ 


- JI- Fill in the blanks. 
1- order 2- row matrix 
7- associative 8- skew symmatric 


Exercise 7.1 
T- (130° (ii)115° (iti) 42° (iv)30°— (108° (vi 20° —S 2 105°, 75° 3 70° 
4- -0°,100° 5- 70°, 30° 6 x +90° +30° =180° > x=60° 7 (i)a=40° 


3- same order 4- same 5- equal 
9- BA’ 10. BA” 


(ii) c=35°,d=145° — (iii) e = 29°, f=151° ~— (iv) = 135° 
(v)g =77°, P=103°,r=103° (vi) 7 = 30°, = 150°, / = 30° 
(vii) g =140° 4 = 40°, 1=140° (vili)k = 145° 


(ix)P = 58°,M = 122°, N =122° (x)a =158°,b = 112° 
Exercise 7.2 
1- (a) (ZI, 22).,(23,24) (b) (21, 20),(23, 28),(22, £1). (25, £4) (c) none 
(d) (41, 28),(Z1, £4), (24, £1), (27, 28) (£5, £6), (25, £2),( £2, £3), (23, £6), 
(e) (21,22), (£4, 28), (25, 23),( 22, £6) 
2- (a) (41, Zn),(Zm, Zr) (b) (Zp, Zn),(Zm, Zs),(2q, 21), (Zl, ZY) (c) none 
(d) (2p, 2m) (4, 25).(2q, 2). (2, 2).(2q, Lp) (Ll, Lm), (Zr, Zn), (Zt, Zs) 
(e) (2p, 4), (4m, 2q),(2n,; Z)),(Zs, Zr) 
Exercise 7.3 
I- yes, no, yes 2- yes 3- yes 4- 10cm, 12cm, 14cm, 16cm, 18cm 
_ 5-6cm, 12cm, 18cm, 21cm 6- 15cm, 21cm, 9cm, 12cm, 1:3 
]- AB = DE, AC = DF, BC = EF LA= 4D, 2B = 4E,ZC = ZF 
4 e No: size may- be different 9 yes: size and shape are same 
bs ~ Exercise 7.4 
‘1 j (a) (() AB = FD (ii) BC = DE (iii) AC = FE (iv) LAz ZF (v) ZB= ZD (vi) ZC = ZE i 
i “(DR (0) EF (d)S.AS=SAS (6) ASA= ASA 
re 2 OAABC = ADFE by SSS=SS.S es = ADFE by SS.A~SS.A 
_ (i SABC = BCDA, by S.A = ASA _ GW) APOT = ASRT by S.A5 =8.45 





3- AD~DA, DB=AC, AB=DC, ZBAD = ZCDA, ZADB = ZDAC,ZABD=ZDCA, 
Condition used S.S.S =S.S.S, mZADB = 40° 
4- (i) Similar Triangles (ii) Similar Parrallogram _ (iii) Similar Triangles 


5- MN<=>PO, NO@OR, PROMO, Zl 24 


Exercise 7.5 


(i) rectangle (ii) square (iii) quadrilateral (iv) bisect (v) congruent 


Exercise 7.6 
(i) circle (ii) radius (iii) chord (iv) diameter (v) samicircle 
(vi) major arc (vii) radius (viii) sector (ix) secant line (x) right angle 

Review Exercise 7 

I- Encircle the Correct Answer. a Pet 
lb Bele be bo Sa -& ci 7-4 (8b 9-cee nce 
IT- Fill in the blanks. 
1- adjacent 2+ supplementary 3- obtuse 4- vertical 5- 180° 6 each other t 


7- congruent  8- scalene 9 diameter 10- right 


Review Exercise 8 
I- Encircle the Correct Answer. 


ne Se ey Mem Colac Ce 
T- Fillin the blanks. 


: Ste ed 
l- concurrent 2- concurrent — _3= concurrent 4= concurrent 5- altitude | 


6- mediam 7- angle bisector 8- three 9- three - VO- three 
sue e1u> Sab oink 
Exercise9.1 

-@5 (12 (i) ANB VRE 


(iii) right A 6- Sem 


5- (i) right triangle (ii) not right A 


Be aeuke = y 





ae Rc hea hb Oa 


Exercise 9.2 


I- 20 stones 2- 24000 stones 3- Rs. 223 4- 645.50m 5- 1mm 54sec 


T= (i) 8967cem? (ii) 16.8” 8- 9000m" 9- 16V710 m? 


10- (i) 44cm? (ii) 0.5 (iii) 401.14mm? We -154m?—12- 163m? 138- 93cm? 


14- 2/0cm? 15« 7cm,2Icm 6» 1666.67cem T= 72cm 18-3600cm?> 19= 4cm 


Exercise 9.3 


2- 64cm? —-3« 24m? — = 502.86cem? — 5= 94.3cm> “113. em? 


I- 64cm? 
J- 127.3cm> 8+ 339.4cm? 
Review Exercise 9 


Z- Encircle the Correct Answer. 
I}-a 2c 3c 4 a 5d & c 


Z- Fill in the blanks. 
3- if x base x altitude 4- ./S(s—a)(s—b) (s—o) 


I- Pythagoras 2- Area 5 


7- a 8- c 9-¢ 


8- 7° 9- Ixbxh 10- farh 


3; 2 
5- ie 6- xb Taig p? 


clea Exercise 10.1 
1- (i) lies on OX (ii) lies on OY (iii) liesinOU =. (iv) MQU 
(vii) in QIV (viii) In QI 


_ (v) on OX _ (vi) in OMI 
(x) on OY () in QIV 
2- ) 2V10 (ii) JI7_—(it)::~ 106 ~— (i) (@-BN2_— x + y-10=0 
5- (10,0) ~ 
Review Exercise 10 


_ E- Encircle the Correct Answer. 


6c Ic 8a %b 10-5 


1 Fillin the blanks. — 


| 


& 


l- Distance formula 2- unique 3- unique 4= collinear —_5= non-collinear 
quadrant Te (00) == -zer0 "9 negative We positive 
































Unit-1 ALGEBRAIC FORMULAS AND APPLICATIONS __ 
| Formula: Where we havea rule to calculate some quality, we write ers fos 
| (a+b) =a? + 2ab+b7 hn 


tes GLOSSARY 


(a+b) +(a-b)’ =2(a" +b") 11 =o pitta 
(a+b) -(a—b)’ =4ab 





2 2 2 2 
. (a+b+c) =(a° +b +c° +2ab+2be+2ac 
: | (atb) =a? t3ab(atb)+b° 


(+ ye yx" = xy + y? (x? —xy ty”) 
Surd: A surd is an irrational number that contains an irrational square root. 


Pure Surd: Asurd which has unity only as rational factor, the other factor being irrational 
is called a pure surd. 


Mixed surd: A surd which has rational factor other than unity, the other factor being 
irrational is called mixed surd. 


Similar surd: Surds having the same irrational factor are called similar or like surd. 
Unlike surd: Surd having no common irrational factor are know as unlike surd. P 


Rationalizing Factor: When the product of two surd is rational, then each one of them 
is called the rationalizing factor of the other. 


Unit-2 FACTORIZATION 
Linear Polynomial: A polynomial of degree “J” is called a linear polynomial. 

Quadratic Polynomial: A polynomial of degree “2” is called a quadratic polynomial. 
Cubic Polynomial: A polynomial of degree “3” is called a cubic polynomial, ¥ ok 


Types of Factorization: kx + ky +kz, ax+ay+bx+by, a’ t2ab+b° : 


-b} (a’ +2ab+b? )- c’, a’ +a°b +b* or a* +o aa 











“ovhetinaé ; 


+ To MA OEPaa Dn 
x’ + pxtq, x” +bx+c, 5 awe se f 


‘a? +3a°bx+3ab? +b’, a? —3a°b+3ab?-B, © 
sf | a+b’. : 
| Remainder Theorem: If a polynomial P(x) of degree n = 
‘ x-a’ where ‘a’ is any constant, them remainder is 


Remainder Theorem: If a polynomial P(x) is.divi ded 
‘ x-a’ is a factor pas ete “alae ! 





5 pay A 


H.C.F: The H.¢ CF pant 
— 
















Unit-4 LINEAR EQUATIONS AND INEQUALITIES 


Linear Equation: An equation that can be written in the formax +b=0, a #0 wherea 
and bare constants and x is a variable is called alinear equation in one variable. 


Solution of a Linear equation: Any value of the variable, which makes the equation 
a true statement is called the solution of a linear equation. 


42) Absolute Valve: For-each real number ‘x’ the absolute value of x, denoted by |x|, is 
ue defined by: 
: x, if x>0 


|x[=3 9.if x=0 
-x, if x<0 


Linear Inequalities: Two algebraic expressions joined by an inequality symbol such as 
>,<,<,2 is called an inequality. 


Tricheotomy Property: If x, y € R,then either x > y orx=yorx<y. 


_ Transitive Property: If x, y,z<¢R, thenx>y andy>z > x>z. 





Additive Property: If Va,b,c,d€R, thena>bandc>d=>a+b>b+dandc<d 
; ande<d >a+c<b+d. 





=> ac>bd.. 


SEE 


Unit-5 QUADRATIC EQUATIONS 


~ Quadratic Equation: A quadratic equation in one variable is an n equation that can be 
‘ written in the formax” + bx +c =0,where a # 0.Here ‘x’ is a variable, where 
as a,b and c are real numbers. 


} Solution of quadratic Equation: We can solve a quadratic equation by 
-(i) factorization (ii) completing the square method. 


-b+Vb? =—4ac 


Multiplicative Property: Va,b,c,d €R,a>bandc>d = ac>bd anda<dandc>d 








Quadratic Formula: x= 





| 








' Right Angle: A right angle contains 90°. 


Acute Angle: An acute angle contains more than 0°and less than 90° 





Fava Angle: eae angle are angle with equal measures. 


; Result 1: The sum of the angles ofa ‘cian ; 
















Zero or null matrix: If all elements in a matrix are zero, the matrix is called a zero. or 
null matrix. 


Unit or Identity matrix: In an identity matrix, the diagonal elements are unity and off 
diagonal elements are all zero. 


Transpose of a matrix: A matrix obtained by interchanging rows into Colvartast ig called 
transpose of a matrix. 


Symmetric matrix: A matrix A is said to be symmetric, if 4' = A. 


Skew-Symmetric matrix : A matrix A is said to be skew-symmetric, if A’ = A. 


Determinant: A real number associated with a square matrix is called determinant ofa _ ea 4 
_ square matrix. Mg aes . : i 
Singular matrix: If the determinant of a square matrix is zero, itis called a eine Ae eae 
matrix, other wise non-singular matrix.Adjoint of a square matrix of order2x 2 ys 
In the adjoint of a square matrix of order2x2, the diagonal elements are : aK 
interchanged, where as the sign of foo diagonal elements are changed. pier 


Multiplicative inverse of a square matrix, A matrix B is said to be multiplications f 4 Ai 
inverse of ‘A’, is AB=I. Bii-. 3 iS ee 


Unit-7, FUNDAMENTALS OF GEOMETRY 


Angle: An angle is the union of two rays with common end point. 





Straight Angle: A straight angle contains 180° sian vos teeako ea 


Obtuse Angle: An obtuse angle contains more than 90 and less than 80° ad 


Reflex Angle: An reflex angle contains more than / 80° and less than n 360% 


Vertical Angle: Two non adjacent a 
intersecting lines. - 






2: If two angles are complements of 

3: If two angles are supplements of th 

4: Two lines parallel to a third line 

5: If three parallel lines in Tcep 
intersect congruent segme 

6: Ifa line bisect one side of a 





Transversal: A transversal is a line that intersects two lines in different points. 
Congruent Figures: Two geometrical figures which have the same size and shape are 


congruent. 
Polygon: A polygon is a blosed broken line in a plane. 


Equilateral Triangle: A triangle with three equal sides. 
Tsosceles Triangle: A triangle with two equal sides. 
Scalene Triangle: A triangle with no equal side. 
Right Triangle: A triangle containing one right angle. 
Obtuse Triangle: A triangle containing one obtuse angle. 
Acute Triangle: A triangle containing thrée acute angle. 
Equiangular Triangle: A triangle containing three equal angle. 
3 Properties for congruency between two Triangle: (i) SSS=SSS_ (ii) SAS = SAS 
(i ii) \ASA=ASA (iv) AAS=AAS (v) RHS=RHS 
Quadrilateral: A polygon with four sides. 
_Parallelogram: A quadrilateral with two pairs of parallel sides. 
Rectangle: A parallelogram containing a right angle. 
Square: A equilateral rectangle. 


Circle: A set of points in a plane which are at a constant distance from a fired point. 
Radius: A segment joining the center to any point on the circle. 
Diameter: A chord that passer through the center. 
; Are: A portion of a circle consisting of two end points and the set of points on the circle 
between them. 
Semi Circle: An arc which is half of a circle. 
* Minor Are: An arc less than a semi-circle. 
Major Are: An arc greater than a semi-circle. 
parey : Circles having equal radii and equal diameters. 
secant Line: A line which intersects a circle in two points. 
1 icular to.the radius of a circle at its outer extremity. 
bounded by an arc Of a circle and its two corresponding radical 





Unit-8 PRACTICAL GEOMETRY nie? 


Anangle bisects ofa triangle isa line-segment that bisects and angle of! tiewriangle 
and has its other and on the sides Opposite to thatangle. 


Every triangle has tree angle bisectors, one for each angle. 


An altitude ofa triangle is the line-segment from one vertex, perpendicular to line 
containing the opposite side. © 


Every triangle has three altitudes, one from each vertex. 

A line-segment which bisect any side ofa triangle and make a right angle with the 
sides as its mid point is called the perpendicular bisectors of the side ofa triangle. 
Every triangle has three perpendicular sides bisectors, one for each side. 

The point at which the three angle bisectors ofa triangle meet is called the incenter 
of the triangle. 


The point at which the three altitudes ofa triangle meetis called the other center of 
the triangle. 


The point of intersection of the three perpendicular bisects of the sides ofa tangle 
is called the circum-center of the triangle. 


The point at which the three medians of a triangle meet is called the center Gcle 
in ofa triangle. 


A line coplanar with a circle intersecting the circle at one point eva is ‘called the 
En line to the circle. 


Unit-9 AREAS AND VOLUMES » 


Pythagoras Theorem: The squares of the hypotenuse ofa HED manele is equal fo Wiese sum 
of the squares of the legs. 


Area: The space inside the boundary of a shape. 


a 


| iy Carer ovens 


: 1 : 
Area of a Triangle: A = 5 x base x altitude. 


Area of a Triangle: 4 = Js (s—a)(s—b)(s—c) S= 


3a” al 
Area of an Equilateral Triangle: A = i; where ‘a’ is th 


Area of a Rectangle: A = length x breadth. 
Area of a Square: 4 = side x “side. : 
Area ofa Parallelogram: A = base x altitude. 
Area of a Circle:A= 1 re 7 3 ; 
Circumference ofa Circle:C =2mr 


Area of a Sen Se 5 rj. 








i 





Volume:The/space/inside/the/boundary/of/a/three/dimensional/shape. 

VolumeofaCube: V = /’,/ is the length of edge. 

' VolumeofaCuboid: V =/ xbxh | =length b =breadth h = height 
VolumeofaRightCircular Cylinder: V = nrh 

h = height of the cylinder 

r = radius of the base 





: : 1 
Hie ; VolumeofaRightCircular Cone: V = -nrvh 
& Semen h = height of the cone =) 
f ee - 1 = radius of the base 


4 
VolumeofSphere: V = ann 


2 
VolumeofaHemisphere: V = = ar 










Unit-10 INTRODUCTIONOFCOORDINATEGEOMETRY 


DistanceFormula: d -|P8| fe) xp” (=y;)" 


1- A point/in/a/number/plane/determines/a/unique/ordered/pair/of/numbers. 
2- With/every/ordered/pair/of/numbers/is/associated/a/unique/point/in/the/place. _{ 
Collinear Points: Points/lying/on/the/same/straight/line/are/called/collinear/points. 


Non-Collinear Points: Points/which/do/not/lie/on/a/same/straight/line/are/called/non- 
> weg gallincar/points: 







Standsfor 
because///as 
therefore///so 


is/proportional/to 
varies 

tally/mark 
summation 
line/: gmentAB 


ph 





similar/to 
is/con; 





7 | 









A 


Area Of Concentric Circles 


Absolute Value 
Acute Angle 


Add And Subtract Matrices . 
Addition And Subtraction Of Matrices 
Addition And Subtraction Of Surds 


Addition Of Matrices 


Additive Identity Of Matrices 
Additive Inverse Of A Matrix 


Adjacent Angles 


Adjacent, complementary and 


supplementary angles 
Adjoint Of A Matrix - 
Algebraic Expressions 
Algebraic Manipulation 
Altitudes Of A Triangle 
Angle 


Angle Bisectors Of A Triangle 
Angle In A Semi-circle Is A Right Angle 
Angle In The Same Segment Are Equal 


Applications 
ARC 
Area Of A Circle 


Area Of A Parallelogram When Base And 


Altitude Are Given 
Area Of A Semicircle 


Area Of A Triangle When All The 


Three Sides Are Given 


Area Of An Equilateral Triangle 


When Its Side Is Given 


Area Of Four Walls Of ARoom 


Areas 
Areas And Volumes ~ 


Areas Of Rectangular And Square Fields 


Associative Law 


Associative Law Of Matrices With Respect 


To Multiplication 


B 


Basic Operations On The Algebraic 


Fractions sy | 


C 


: Calculate Unknown Angles 


261 
97 

177 
138 
138 
23 

138 
142 
143 
178 


178 
157 


57 

225 
176 
224 
210 
211 
213 
208 
260 


255 
260 


252 


254 
256 
251 
247 
257 
144 


147 


aloe 


-DistributiveLaws 









Center "ggg amine 
























Central Angle 212 a 
Chord 207 4 
Circle 206 - | 
Collinear And Non-collinear Points. 281 
Collinear Points 281 ; 
Collinearity Of Three Points 282 
Column Matrix 133 
Commutative Law 141 
Complementary Angles : 179 
Concentric Circles ~ 209 
Congruent And Similar Figures 193 
Congruent Figures 193 
Congruent Triangles — - 198 
Conjugate Binomial Surds amy. 
Construction 222 3 
Construction Of Quadrilaterals 230 - 
Construction Of Triangle » 222 ; 
Cramer's Rule 167. ps. bat 
Cube Eaton 
Cube And Cuboid “264 
Cubic Polynomials A 36 
Cuboid 265 
D RArstot se 
Derivation Of Quadratic Formula 115 
Determinant Function 456 
Diagonal Matrix ‘ 134 
Diagonals Of A Rectangle Bisect Fach Othec 204 - 
Diagonals Of A Square Bisect Fact : 
Diameter - 
_ Direct Common Tangent Or 
Distance Between Two Points 
Distance Formula 


Division Of A Rational 


rate 





a 














od i Et eng tn Sy elton te Awe ees 
SPE aa =: 
4 i ee He: 


F 
Factorization 
Factorization Of Expressions 
Factorizing A Cubic Polynomial 
Finding Remainder Without Dividing 
Formulae 


35 
36 
52 
49 
13 


Four Angles Of A Rectangle Are Right Angles204 
Four Angles Of A Square Are RightAngles 203 


Four Sides Of A Square Are Equal 
Fundamentals Of Geometry 


H 
H.C.F By Division 
H.C.F. By Factorization Method 
Hemispheres ' 
Highest Common Factor (HCF) And Least 
Common Multiple (LCM) 


I 
Improper Rational Expression 
Inequalities (> , <) And (> , <) 
Introduction To Coordinate Geometry 


Inverse Of A Non-singular Matrix 
_ Irrational Numbers 





Rem x om 
oe 


SAeS ET eich yt ps 


202 
175 


"61 


268 


98 
275 
160 
21 


= 


SSSSRnze 


Le 


_ Quadrilaterals 


Minor Arc 

Mixed Surds 

Multiplication And Division Of 

The Algebraic Fractions 

Multiplication And Division Of Two Surds 
Multiplication Of Matrices 

Multiplicative Inverse 

Multiplicative Inverse Of A Matrix 


N 


Non-singular Matrix 


O 
Obtuse Angle 
Opposite Sides Of A Rectangle Are Equal 
Order Of A Matrix 


P 
Parallel Lines 
Parallelogram og 
Perpendicular Bisectors Of The Sides Of 
ATriangle 


Problems Involving Quadratic Equations 
Proper Rational Expression 
Properties Of A Parallelogram 
Properties Of Angles 

Properties Of Congruency 
Properties Of Congruency Between 
Two Triangles 

Properties Of Inequalities - 
Properties Of Parallel Lines 

Pure Surds 

Pythagoras Theorem 


_ Quadratic Equations 


Quadratic Polynomials 





158 
156 


157 


177 
203 
130 


187 
231 


227 
121 


205 
210 
202 


198 
99 
187 
22 
248 


108 














Rational Expression In Its Lowest Terms 
Rational Numbers 

Rationalization 

Rationalizing Factor 

Rationalizing Of Surds 

Rationalizing The Denominator 

Real Numbers 

Rectangle 

Rectangular Matrix 

Reduce A Rational Expression To 

Its Lowest Terms 

Reflex Angle 

Relation Between The Pairs of angles 
Remainder Theorem And Factor Theorem 
Right Angle 

Right Circular Cone 

Row Matrix 
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